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This  dissertation  was  motivated  by  tho  property  of  the  Wallman 
compact iflcafe Ion  that  any  continuous  funetlcn  from  a Tj  space  X Into 
a compact  Hausdorff  space  can  be  extended  to  a continuous  function 
on  tho  Wallman  compact! float ion  of  X.  In  Chapter  1 we  consider 
general  properties  of  extensions.  Wo  define  what  it  means  for  an 
extension  <Y,  of  a space  X to  bo  bidist Inguishable,  ^distinguishable, 
and  relatively  Hausdorff,  and  show  that  the  Wallman  compact! flection 
of  any  Tj  space  X is  a bidist Inguishable,  C-distinguishablo  extension 
of  X,  Furthermore,  we  show  that  the  Wallman  compact lficat ion  of  a 
T-j  space  Is  relatively  Hausdorff,  which  allows  a characterization  of 
Tg  spaces  as  precisely  those  spaces  which  have  compact  relatively 
Hausdorff  extensions.  Wo  also  show  that  the  collection  of  bi- 
(listingulshablo  extensions  of  a space  is  partially  ordered. 

In  Chapter  2 we  show  that  the  Wallman  compact lficat ion  on  a 
suitably  restricted  subcategory  of  the  category  of  T spaces  induces 
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a reflection  functor  which,  on  spaces.  Is  tho  some  as  the 
v 

Stone»Cech  functor. 

In  Chapter  3 we  topologize  the  collection  of  nil  filters 

in  the  lattice  of  open  subsets  of  X,  £?(X)  contains  as  a subspace 
tho  hoEieomorphic  image  of  each  C -"distinguishable  extension  of  X,  and 
this  property  is  used  in  establishing  that  the  direct  limit  of  a 
system  of  Hausdorff  spaces  i3  Hausdorff  if  eaeh  bonding  map  is  a 
dense  embedding. 
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INTRODUCTION 


■ This  study  of  extensions  of  topological  spaces  was  originally 
motivated  by  the  property  cf  the  Mailman  compact iflcat ion  (like 

v/ 

that  of  the  Stono»Cech  compact  I fficat ion  for  spaces)  that  any 
continuous  function  froa  a Tj  spaces  X into  a closed  unit  interval 
(and  hence  into  a compact  Hausdorff  space)  can  bo  extended  to  a 
continuous  function  on  the  Uallfr.an  compact  if  lent  ion  of  X []5,  p.  167],, 
This  led  to  the  conjecture  that  the  Wallman  eorspactif ication  might 
well  do  for  Tj  spaces  what  the  Stone-Cech  compact if ication  does 
for  completely  regular  T*  spaces  (i ,e,,  it  might  induce  a reflect 
tion  functor  froa  tha  category  of  all  Tj  spaces  to  the  category  of 
all  compact  spaces).  That  this  is  true,  provided  one's  attention 
is  restricted  to  a class  of  functions  somewhat  smaller*  than  tha 
class  of  all  continuous  functions,  is  shown  in  Chapter  2 (2,26). 

But  the  search  has  led  down  some  rather  strange  byways.  It  early 
became  apparent  that  the  structure  of  a Tj  compact if ication  of  a 
spaco  X need  have  relatively  little  relationship  Co  the  structure 
of  X.  In  an  attempt  to  remove  some  of  the  pathology  from  this 
situation,  we  have  developed  four  definitions  of  particular 
extension  properties.  These  properties  serve  to  insure  that  the 
structure  of  the  extension  has  at  least  some  relationship  to  the 
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structure  of  X.  Tha  definitions  may  bo  loosely  described  as 
follows i 

An  extension  of  X is  distinguishable  if  by  looking  at  the 
restriction  of  neighborhood  families  to  X one  can  toll 
that  tha  extension  is  Tq. 

An  extension  of  X is  bidistinguishabla  if  by  looking  at  the 
restriction  of  neighborhood  fasilios  to  X one  can  tell  that 
the  extension  is  T^. 

An  extension  of  X is  C-disfcinguishablo  if  by  looking  at  the 
restriction  of  neighborhood  families  to  X ona  can  toll  which 
points  are  in  which  closed  sets. 

An  extension  of  X is  called  relatively  Hausdorff  if  any 
point  of  X and  any  othar  point  of  the  extension  can  be 
separated  by  disjoint  open  sets. 

In  Chapter  1 these  concepts  are  precisely  defined  and  soma  of 
thoir  properties,  as  well  as  relationships  among  thorn,  are  studied. 

It  Is  shown  that  all  four  concepts  are  preserved  under  products 
of  extensions  (1.15)  and  that  continuous  functions  fixing  X partially 
order  the  bidistinguishable  extensions  of  X (1.20).  The  Wall man 
coatpactif icatlon  of  X is  shown  to  ba  bidistinguishable  and  C« 
distinguishable  (1.8)  and  (if  X is  T^)  relatively  Hausdorff  (1.9). 
This  last  result  is  then  issed  to  characterise  T3  spaces  as  precisely 
those  spaces  which  have  relatively  Hausdorff  compact i float ions 
(1.10). 

In  Chapter  2 wo  establish  tha  Wall man  compact! fleet ion  as 
a functor  and  show  that  it  yields  a reflection  on  a category  which 
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contains  (as  a full  subcategory)  the  category  of  all  spaces 
ar.d  continuous  functions  (on  which  it  is  well  known  that  the  Hallman 

V 

compact ificat ion  and  the  Stona-Cech  eoepactif loation  coincide). 

Hence,  tha  Hallman  cosspaetif icaticn  on  this  category  of  Tj  spacer 
is  precisely  analogous  to  the  Stone-Cech  compact! ficat ion  on  tha 
category  of  completely  regular  Hausdorff  spaces, 

I 

It  is  known  that  a topological  direct  limit  of  completely 
normal  Hausdorff  spaces  can  be  on  indiscrete  space  \_20  p.  622^}, 
However,  if  the  spectrum  of  spaces  foi'ms  a sequence  with  each  space 
a closed  subspase  of  all  those  that  follow  it,  it  is  easy  to 
establish  that  the  direct  limit  will  bo  (respectively,  T^) 
if  each  of  tha  spaces  is.  That  the  Hausdorff  property  is  not 
preserved,  even  under  such  favorable  conditions,  has  recently  been 
shown  by  Herrlich  [3"),  In  Chapter  3 wo  devise  sots  of  conditions 
sufficient  for  the  preservation  of  the  Hausdorff  and  regular 
Hausdorff  properties  (3,10  and  3015)9  Our  technique  for  proving 
the  conditions  sufficient  will  utilise  tha  construction  (for  any 
space  X)  of  a space  (9(x)  of  all  filters  in  tha  lattice  3.^  of 
open  sets  in  X,  This  construction  is  analogous  to  that  of  Strauss  [ 6'] 
who  topologized  tha  collection  of  ultrafilters  in  O (X)  is 

proved  to  fca  a C "distinguishable  extension  of  X,  and  indeed  it  is 
shown  that  ail  C^slistinguishablo  extensions  of  X can  be  considered 
to  be  precisely  the  subspaces  of  <5>(X)  that  contain  X,  This  fact 
and  a convenient  mapping  coherence  property  (3„9)  aro  utilized  to 
achieve  the  direct  limit  results. 


CHAPTER  0 


PRELIMINARIES 

The?  notation  and  terminology  in  this  dissertation  will, 
except  where  noted,  follow  that  of  Kelley  [’ 5]  and,  when  discussing 
categories,  that  of  Herrlieh  and  Strecke-r  [4],  Unless  there  seems 
some  possible  confusion,  a topological  space  (X,CO  will  usually 
bo  designated  by  X,  The  symbols  3^  and  will  always  designate 
the  topology  (i.a,,  the  collection  of  all  open  sots)  and  the  lattice 
of  all  closed  subsets  of  X,  respectively.  The  remainder  of  this 
chapter  consists  of  definitions  cad  results  which  are,  for  the 
most  part,  well  ’mown.  They  are  included  for  the  purpose  of 
reference  and  comp let eness. 

Definition  0,1 

A function  fsX ~ Y will  be  called  open  if  and  only  if,  for 

each  open  subset  U of  X,  f£u”|  is  an  open  subset  of  Y,  It  will  bo 
called  relatively  open  provided  that  cor  any  open  subset  U of  X there 
is  soma  open  subset  V of  Y such  that  f£uj  *»  D V, 

t.  . .. 

Definition  0,2 

A function  f:X ► Y will  be  called  closed  provided  that 


for  oaeh  A £ X^»  f[A]  e X y 
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Proposition  0*3 

If  fsX <►  Y and  gtY -Z  are  relatively  open  one-to-one 

functions,  then  gofjX »■  Z is  relatively  open. 

Proof  { Let  U be  an  open  subset  of  X,  f[]u]  « f£x^j  ^ ^ for 
some  open  subset  V of  Y and  g£v^J  « g£y  ] f)  W for  some  open  subset 
U of  Z,  Then  gof£u"]  is  clearly  a subset  of  VI  f]  gof^X^J,  For  any 
xeX  ~ U,  since  f is  one-to-one,  f£u]  ^ f^Ul/jp?}  J;  so  f(x)  jf  V,  Since 
g is  one-to-one,  g^V"]  •/>  g[]vu{f(x)} ]•  so  gof(x)^  W, 

Definition  0,4 

A function  fsX «-Y  will  be  called  an  embedding  provided 

that  f is  one-to-one,  continuous  and  relatively  open. 

Proposition  0,5 

If  fsX- ► Y and  gsY- >Z  aro  embeddings,  then  gofsX ► Z 

is  an  embedding. 

Proof;  Since  it  is  well  known  that  the  composition  of 
continuous  functions  is  continuous,  and  that  the  composition  of 
one-to-one  functions  is  one-to-one,  this  is  i rimed into  from 
Proposition  0,3, 

Definition  0,6 

A function  f;X- >Y  is  called  dense  provided  that  f£x] 

is  a dense  subset  of  Y, 

Proposition  0,7 

If  fsX >Y  and  g»Y »-  Z are  dense  continuous  functions, 

then  gof  is  dense. 

Proofs  Let  U be  any  nonempty  open  subset  of  Z,  Since  g£Y~] 
is  dense  in  Z,  g[~Y^]  D U /•  0;  so  sinco  g is  contlmtous,  g^^u] 
is  a nonempty  open  subset  of  Y,  f£x]  is  dense  in  Y,  so  f^X^J  O g“*fu] 
is  nonempty.  Hence  gof^Xl/l  U is  nonempty. 
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Definition  0,8 

An  extension  of  a space  X will  bo  a pair  <Y itf>,  where  Y la 
a space  and  V*  is  a dense  embedding  of  X Into  Y, 

Notation  0,9 

If  A is  a set  and  if  for  each  eA^X^  and  Y^  are 

spaces  and  f , sXx- » Y,  is  a function,  then  let  TT  f 

denote  the  function  from  the  product  TT  % to  TT  which 
carries  each  element  (x  , ) , , . of  H~  X_,  to  the  element 
(f  , (x,  ))  of  ~TJ  Y . 

For  Definition  0,10  through  Proposition  0,17  we  will  assume 
that  (X,  V , A)  is  a distributive  lattice  with  a se-ro  clement  Z. 
Definition  0a10 

A none:cpty  subset  3-  of  X will  ba  called  a filter  in  X 
provided  that: 

a)  ?.  i £ 

(li)  APB  € y=p  A A B £ & and 

(iii)  A €-  3^  A A B o A =>  8 £ X, 

Definition  0,11 

A fitter  3^  in  X will  be  called  an  ultra f liter  in  X 
provided  that  3^  is  not  a proper  subset  of  any  filter  in  X, 
Proposition  0,12 

Every  filter  T in  X is  contained  in  sosso  ultrafilter. 

Proof t The  ecllecfcien  of  all  filters  in  X which  contain 
3-  is  certainly  nonempty  since  it  contains  X and  it  is  partially 
ordered  by  inclusion.  Hence,  by  the  Hausdorff  maximal ity  principle, 
it  contains  a maximal  totally  ordered  subset  Let 
lia  U ^Lltb-  G *U  is  a filter  containing  X since  every 
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element  of  3?  is  an  clement  of  each  M £ C and  t 

(i)  Z e 'Ll  implies  there  is  some  A £■  C such  that  Z £ A; 
so  A cannot  be  a filter;  a contradiction. 

(ii)  Given  any  A and  B in  % there  is  some  £ ^ such 

that  A £ and  some  An  ^ A such  that  B £ Since  C is  totally 

ordered  by  inclusion,  one  must  contain  the  other  (say  c / f ?) • 
Then  both  A and  B are  elements  of  A 2 so  A A B £ Hence 

A A B € ft. 

(iii)  If  A e ?/  and  B A A « A,  then  A £ A for  some  (?, 
and  since  A is  a filter,  3 £ A.  Hence  8 e 7/» 

If  V,  is  net  an  ultraf liter,  then  “2 1 is  a proper  subset  of  soma 
filter  1C.  Since  $ c 2Ji  and  V S.  7l' 8.  'U.'>  so  is  in  tho 

collection  of  all  filters  containing  For  each  A e Ct 

A '£  2(9-  2/.  > so  is  totally  ordered  by  inclusion  and 

properly  contains  C.  This  contradicts  the  maximal ity  of  A.  • 
so  "U.  is  an  ultrafilter. 

Proposition  0.13 

If  Ct X and  if  for  every  finite  subset  & of  &-t  Ag>  <J,  z, 
then  there  is  a unique  smallest  filter  3^  in  ■A  which  contains  Cl* 
Proof;  Let  0/  » {A  /At  a finite  subset  of  Let 

^<Z  " {B  € XsB  A D « D for  some  D 6 <2^.  ,5^  is  a filter  in  <?£ 

because; 

(i)  If  Z 6 then  there  is  some  D £ (A  such  that 

Z ')  Z A D r»  !Jj  but  this  contradicts  the  assumption  about  (2, 

(ii)  If  Bj  and  B2  are  elements  of  , then  there  are 
A 3^  and  A $2  *n  AC  such  that  3j/\(A  8 j)  *>  A Ct ^ and 

B2  A (A  A32)  „ A ^2,  Then  ( A ^ ) A ( A $2)  » A (^  U £>?) 


3 

is  an  element  of  2.  mid 

(31  A B2)  M<  /\  ^j)  A ( ^ 3?))  o Bj  A ( A #x))  A (B2  A (A  S>2))  „ 

( /\  ^ j)  /l  ( /I  ^2); 

so  Bj  A B2  e 3^, 

(iii)  If  B 6 ^ and  B A D *»  3,  there  is  some  2 6 2!  such 
that  B A E » E.  Then  D 4 E a D A (B  n1)  « (D  A B)  A E » B a B n Ej 

SO  D €. 

Finally,  it  is  clear  that  every  element  of  must,  bo  an  clement 

of  any  filter  containing  (Z» 


Corollary  0.14, 

If  Ci  is  a subset  of  <£  such  that  for  every  finite  subset  3 
of  AL  > A g ^ z,  then  there  is  an  ultrafilter  in  <=£  which  contains  2, 

Proof t This  is  immediate  from  Propositions  0,12  and  0,13. 
Proposition  0,15 

If  1l  raid  “2/  are  distinct  ultrafilters  in  X , them  there 
is  some  A € K.  and  some  B € eU'  ouch  that  A A B « Z. 

Proof?  If  no  two  such  elements  exist,  select  any  finite 

subset  g of  21  U V\  If  Ac.  21  or  3 W » then  since  4 is 

finite,  A g.  is  respectively  an  element  of  2l  or  2e',  and  so  is 

not  Z,  If  /d  H 21  and  3 3)  1L'  arc  both  nonempty,  then  since  each 

is  finite,  A ( & (121)  is  an  element  of  and  A {3  O ‘2/f)  is 

an  element  of  U'»  Hence  A £ « (a  (/3  0?())A  (a  ( <2>  O y'))  J,  z. 

Then  from  Proposition  0.13,  *U  U V.'  is  contained  in  some  filter 

^ U °?i‘  n ° Since  "Lt  and  "ZC ' arc  distinct,  they  are  proper 

subsets  of  31-  ,}  which  contradicts  the  fact  that  they  are 

2i  U It'  ’ 


ulfcraf iltars. 
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Propos i t ion_  0. 1 6 

If  2l  Is  an  ultrafilter  in  X and  if  A £ / and  A A 3 yS  Z 
for  every  3 £ ^,  then  A e.  It* 

Proof?  If  A satisfies  the  above  conditions  and  is  not  an 
element  of  2£,  then  for  any  finite  subset  ^ of  lL  U f A},  A & £ Z\ 
so  from  Proposition  0,13  there  Is  a filter  3^21  U [\}  w***ch 
contains  2l  as  a proper  subset.  This  contradicts  the  assumption 
that  2l  is  an  ultrafilter. 

Proposition  0.17 

If  2Z  is  an  ultrafilter  in  X and  if  A V B £ “2^#  then 
A e V.  or  B e.  2/. 

Proof : If  B 4 'll,  then  from  Proposition  0,16  there  is 

some  D £ “2f  such  that  B A D « Z.  Then 

D A (A  V B)  « (D  /I  A)  V (D  A B)  « (D  A A)  V Z *>  D A A £ &. 

Then  since  A A (Q  A a)  «»  D A (a  A a)  e»  D a a,  A must  ba  an  element 
of  H [O.lO(iii)]. 

Definition  0.18 

If  X and  Y are  sets  and  R is  a subset  of  X x Y,  then  for  any 
subset  A of  X,  we  define  R[_A~]  to  be  fy  £ Y2(:?»y)e  R for  soma  A^-. 

Prop os itlon  0.19 

If  X,  Y,  snd  R ore  os  in  Definition  0,13  and  if  A and  B aro 
subsets  of  X2  then  R[[a  Hb]c  r£a]  O R|[b]» 

Proof?  If  y £ R[A  O B],  then  there  is  some  s«A  f)  B such  that 
<K,y)e  R.  This  implies  that  Xf  A and  x £ B,  hence  y f R[a]  and 
y £ R[B];  so  y £ R[a]  0 r[b], 

De.f in i fc i on  0,20 

For  any  set  X a collection  of  subsets  of  X will  fco  called 
a standard  lattice  of  subsets  of  X provided  that  0 £ X and  X £ £ 
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and  for  any  two  elements  A and  3 of  X,  both  A U B and  A fl  B are 
elements  of  X, 

Definition  0<,21 

1st  X end  Y bo  sets,  lot  R be  a subset  of  X * Y,  and  let 
X-  and  XL  be  standard  lattices  of  subsets  of  X and  Y,  respectively, 
having  the  property  that  for  each  A e X t R[a]  *>  0 only  if  A 0, 

Then  for  any  filter  LX  in  X,  define  FR ( X ) to  be  |"a  £ X^R^B]  £ A 
for  some  3 e 
Propos i t i on  0 «2 2 

(as  defined  above)  is  a filter  in  JL  \ 

Proof:  FR(X)  is  a nonempty  set  since  X € LX  and 

R[X]  £ Y £ £'  implies  Y£FR<30. 

(i)  If  0 £ F ftiS-)}  fchon  there  is  soma  A £ 3-  such  that 
R[a]  £ 09  But  A, being  in  LXt  is  nonempty;  so  that  this  i3  impossible, 

(ii)  If  A and  8 are  elements  of  FR(X),  then  there  are 
some  sets  D and  E in  X such  that  R[D]  £ A and  R[e]  £ 3,  ' Then 

D H E € 3*  arid  from  Proposition  0,19,  R[D  H E]  £ R^D]  0 R[e[]  o A 0 B, 
Hence,  A f)  B £ F^X). 

(ili)  If  A £ F^(X)  and  A £ B £ XL } then  there  is  some  cot  D 
such  that  R[D]  £ A,  Hence  R[]D  ] c.  B,  which  irapl  ios  that  B£FR(J^)» 

For  Definition  0,23  through  Proposition  0,30,  we  will  assume 
that  XL  is  a distributive  lattice  with  zero  element  0 and  unit  element  X, 
Definition  0,23 

The  Wall  man  set  for  <£  (denoted  ( X) ) is  the  collection  of 
all  ultrafilters  in  X, 
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Definition  0,24 

For  any  M £ X,  define  C(K)  to  be  € uj  , 

Proposition  0.25 

If  Mj  and  M2  are  elements  of  «£,  then 
CO^  ^ M2)  ^ C(Mj)  U C(M2). 

Proof*  If  u £ C(Ml  v m2),  then  M.  V M2  £ u , so  from 
Proposition  0.17,  Mj  e u or  M2  £ u . Hence  u £ 0(1^)  or 
u £ C(M2),  i.e.,  u € C (Mj ) U C(M2).  If  u £ Cd^)  U c(M2), 
then  u e C(Mj)  or  u e c(M2)  (say,  u £ Cdlj)),  Because 
u £ C(Mj),  Mj  G u;  so  since  u ig  a filter  and  Mj  A (Mj  V M2)  « Mj, 

Mj  V M2  e u.  Hence  u e c(Mj  V M2), 

Pronosit  ion  0,26 

If  Mj  and  M2  are  elements  of  X3  then  C(Mj  A M2)  *»  C(M1)  f)  C(M2). 

Proof*  If  u £ C(Mj  A m2),  then  Mj  A m2  £ u , Since 
(i!j  A M2)  a « Mj  A m2,  (Mj  A M2 ) A « Mj  A M2,  and  u is  a 
filter,  Mj  £ u and  M2  £ u.  Then  u £ C(Mj)  and  u £ C(M2); 
so  u £ c(Mi)  0 C(M2).  Conversely,  if  u £ C(Mj)  Oc(M2),  then 
u £-  f.(Mj)  and  u £ C(M2)>so  Mj  £ u and  M2  £ u . Because  u is  a 
filter,  Mj  A M2  £ ti;souf  0(1^  A M2). 

P reposition  0.27 

C(M)  » 0 if  and  only  if  M » 0. 

PjreoT?  If  u £ C(0),  then  0 £ u,  which  contradicts  the  fact 
Chat  u is  a filter  in  X.<>  Hence  C(0)  =3  0,  If  M is  nonempty, 
then  M is  an  clement  of  at  least  one  ultrafilter  in  «£  since  £mJ 
meets  the  conditions  of  Corollary  0,14,  Hence  C(M)  £ 0, 
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Proposition  0.23 

{c(M):M  £ X j is  a bnso  for  tha  closed  sets  of  a topology 
on  MX). 

Proof:  This  is  immediate  from  Propositions  0.25  end  0,27* 

Henceforth  tho  symbol  V(X)  will  designate  the  Wellman  set 
on  X with  the  topology  of  Proposition  0923» 

Proposition  0„29 

MX)  is  a compact  T,  space* 

Proof : Given  distinct  elements  u and  v of  W(XJ)»  there 

exist  Mj  and  M2  in  X such  that  Mj  A M2  a 0,  and  Mj  £ u Gntj 
M2  e v <0.15).  Then  u £ C(M1>,  v £ C(M2),  and  COlj)  and  C(M2> 
aro  closed  in  >/~(X) . C(Mj)  and  C(M2)  are  disjoint  since*  from 
Proposition  0.26*  C(Mj)  f)  C(M2)  « C(M^  A M?)*  which  is  C(0)  since 
Mj  and  M2  are  disjoint.  From  Proposition  0.27,  C(0)  » 0;  so 
M/X  X)  is  Let  {c(Ma  ) : A £ be  a collection  of  basic  closed 

; cts  with  the  finite  intersection  property*  Then  fM^  : A.  £ d } 
has  the  property  that:  for  say  finite  subset  /?,  A X *,  0 (0.26  and 
0.27).  Hence  from  Corollary  0.14,  there  is  an  ulfcrnf liter  u in 
MX)  Which  contains  sA  £ & ].  Then  u £ C(M^  ) for  each 
A £ &■>  so  u £ C(M(3i  ).  Thercforo*  MX)  is  compact. 

Proposition  J3. 3 0 

MX)  is  Hausdorff  if  and  only  if  given  any  two  elements 
A and  B of  X such  that  A A B « 0 there  exist  Mj  and  M2  in  X 
such  that  A A M?  =»  A*  BA  M2  « B*  A A Mj  • 0,  B A M.  « 0*  and 
^1  ^ ^2  an  elemont  of  every  ultrafilter  in  X, 

Proof : If  the  condition  holds  and  if  u and  v aro  distinct 

M , ' ■ . - 1 ' : \ X , :’i 
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that  A A 8 «o  0,  A € u,  and  B e v (0.13).  If  Mj  and  M2  are 

elements  JC.  satisfying  tho  given  conditions,  then  A A Mj  « A 

implies  that  €.  u and  B A M2  » B implies  that  M2  € v.  Since 

Mj  A 8 w 0 and  M2  A A <=»  0,  Mj  4 v and  M2  4 u»  ^ (X)  " C(Mj  V M2)  » 

C<M2)  U C(M2)  (Os25) ; so  W(X)  ^ C(M1)  and  MA(X)  - C<M2)  are 

disjoint  open  sets  in  )V(X)  containing  v end  u9  respectively. 

Conversely,  if  V(X)  is  Hausdorff,  since  VKX)  is  eoispaefc,  it 

is  normal,  Hsnco,  given  any  two  elements  A and  B of  X such  that 

A A B ts  0,  C(A)  and  C(B)  are  disjoint  closed  subsets  of  W(JL) 

(0,27);  so  there  exist  disjoint  open  sets  U and  V in  >A(X)  such 

that  C(A)  c U and  C(B)  c V.  Than  V(X)  U and  VtX)  ~ V are 

closed  subsets  of  }V(X)»  Since  {c(M)sMGX  ] is  a base  for  the 

closed  sets  in  )V{X),  there  exist  collections  A G & J 

and  ft  € $]  of  elements  of  X such  that  C(M^)  «a  >A(X)  ~ U 

and  C(M^)  « >/(X)  ~V.  Then  jV(X)  and 

(XXX)  - coy)]  are  open  covers  of  C(A)  and  0(13),  respectively. 

C(A)  and  C(B)  are  closed  subsets  of  a compact  space,  hence  they 

aro  compact}  so  thoro  exist  finite  subcollections  /3 

and  £ c.  Tm  j ft  £ (4\  such  that  >/’<X)  C(D)  <=■  ytX)  ^ C(A) 

and  V(X)  - V c n c(s)  C.  X(X)  ^C(B),  From  Proposition  0,26 
S e t 

nQj  C(D)  « C(  A ©)  and  /]  C(E)  » C(AS  ),  Hence 

C(A)  f~  )X(X)'^  C(A  J$)  £C(AO  and  C(B)  £ )X(X)  ~ C(A£  )£C(/l6), 

Then  AV(A£  ) and  3 V(A  i9 ) are  elements  of  X and 

(A  V ( A £))  V (3  \/(  AD))  Is  an  element  of  X which  is  contained 

in  every  element  of  )A(X),  Now,  A A (A  V (A  5 ))  ~ A and 

B A (B  V ( A ©))  » B,  Thus,  A A (3  V ( A $))  « 0 / 0 « 0 and 

B A (a  V (A  & ))  « 0 ]/  0 a 0, 
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For  Proposition  0,31  through  Corollary  0,38,  wa  will  havo  the 
following  standing  hypotheses t 
(i)  X is  a space, 

<ii)  c(,  is  a base  for  the  closed  sets  in  X such  that  for 
any  x £ X and  any  3 € £ for  which  x ^ B,  there  is  some  A <=  X such 
that  k £ A end  AD  B o 0. 

(iii)  For  each  x c X,  ^ (x)  « £a  e.Xsxe  a]. 


Proposition  0,31 

?/<x)  is  an  ultrafilter  in 

Proof t ^ <*>  is  by  definition  a subset  of  X,  Since  {x} 
is  closed  in  X,  it  la  tha  intersection  of  a collection  of  elements 
of  X;  so  in  particular  (a)  is  nonempty,  (:<)  is  a filter 

because* 


(i)  For  every  A6  7,  (x),  x £ A;  so  A £ 0, 

(i:l)  If  x €.  A and  x £ B,  then  x £ A O B, 

(iii)  IfxeAcB,  then  x e B, 

'f ^ (x)  is  an  ultrafilter  since  if  x j.  B £ X,  then  thero  is 
soaa  A £ X such  that  x e.  A and  A /)  3 «<  ,1  <0,31);  so  A 6.  X (x) 
and  no  filter  containing  A can  contain  B, 

Remark  0,32 

Sinco  X is  a base  for  tha  closed  sets  in  X,  it  clearly  is  a 
distributive  lattice  with  unit  X and  aero  element  0, 

Corollary  0,33 

is  a function  from  X to  ^(X), 

Preposition  0,34 

For  any  x £ X and  any  A e JC,  (x)  £ C(A)  if  and  only  if 


x e A, 
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Proofs  If  x e Ay  then,  by  Definition  0,31,  A & {A  (:<); 

c?C 

so  by  Proposition  0,32  and  Definition  0,24,  (x)  £.  C(A),  If 

x j.  A,  thou  from  tho  fact  that  <£  satisfies  tho  conditions  of 
Definition  0,31,  there  Is  some  B £ £ such  that  x £ B and  A 0 B « 0, 
Hence,  (x)  € C(B)  (0,31)  and  C(A)  and  C(B)  are  disjoint  (0,26 

and  0,27),  Thus  ^ (*)  ^ C(A). 

Proposition  0,35 


For  a-ny  At/,  [a]  « C(A), 

Prcoft  Clearly  for  any  x <?  A,  A t (x)?  so  (x)  6 C(A). 

Since  C(A)  is  a closed  set  containing  ^ CA1»  [A]  — 0(A).  If 

u ^Vv^(X)~  Lf  [A*],  then  since  {u}  is  a closed  subset  of  W(X.) 

and  [c(H):M  t is  a base  for  the  closed  sets  of  V(<£)»  there  is 

sono  subcollecticn  A e <2 J £ £_  such  that  fuj  « C(M^). 

Than  {V(«C  ) ~ C(Ma);A  e &}  is  an  open  cover  of  tho  connect  set 

[A^J;  so  it  must  contain  a finite  subcover  [v(c£)  ~ C(M^  j)  t Id, 2,  ,nj, 

n 

Then  [u]  » '6^  C(M  ) e nc(M^),  By  Proposition  0.26, 

n n 1sj1  . 

O 0(1^  ) *»  C ( n . ) , Since  { >^(X ) ~ C(MA  )si»l,2,,n}  cover's 

i«l  * ic«l  1 i 

~i  ~ [a],  77  [1]  o u (yr(cL)  c(m.  ) « vxx.)  - nc<M.  ) » 

•£  id  i id  1 

X"(X)  ~C(nM.  ).  Hence,  0(0^10  FT}  « 0}  so 

id  l id  i ^ 

n 

A i)(  O Md  ) «*  0 (0,34)o  Therefore,  from  Propositions  0,26  and  0,27, 
id  1 


C(A)  n c(  n M . ) « C(A  rXDM,  ))  « 0}  sou  / C(A).  Hence 
id  °*i  id  i r 

uf  / [A]  if  and  only  if  u 6 C(A), 

oC 

Proposition  0,36 

Is  a dense  embedding. 

Proof}  That  is  relatively  open  follows  immediately  from 

Preposition  0,34,  {f  is  continuous  since  given  any  closed  set  A in 

C7\- 
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XXX),  A is  an  intersection  n c(b  , ) for  some  subcoliecticn 


J€CL 


g d]  of  X (since  [C(B):B  € X]  is  a baso  for  the  closed  sets 
of  X(  X ) ) , Then  *£*[>]-  ^l[  D C(B)]  - n_  ^[CXB^)]. 


^ e-a. 


This  is  closed  since,  from  Proposition  0*34,  )]  a , 


Finally,  is  dense  since,  for  any  nonempty  open  set  U in  X(X), 

XX X ) ^ U is  closed  avid  therefore  is  the  intersection  CXB>) 


ea 


for  soma  subcollection  fB,j  A cdj  of  X„  Since  (H  c(B,)  is  a 

proper  subset  of  X(X)>  at  least  one  0(3^  ) is  a proper  subset  of 

XXX),  which  implies  that  is  a proper  subset  of  X,  since  x £ u 

for  every  u t >r(X)»  Hence,  there  Is  soraa  x £ X Q_, , Thus  from 

P 

Proposition  0o35,  ‘f  (x)  € X(X)  ^ C(B«)  c=  XX X)  C(3.)  « U0 

<£.  /p  ’ S.Q.  °< 

Corollary  Oa37 

If  X is  compact,  then  ^ is  a horecorcorphism, 

Preof t If  X is  compact,  each  ultrafilter  u in  X must  have 

nonempty  intersection.  If  x e Du,  then,  by  Definition  0,31, 

Proposition  0,32,  and  the  maximal ity  of  ultrafl Iters,  u « ‘-P  (x)j 

hence,  carries  X onto  X(X)  and  is,  by  Proposition  0,36, 

continuous,  one-to-one,  and  relatively  open.  Thus,  f is  a homeo» 

X. 

morphism* 

Corollary  0,33 

<V(X),  > is  an  extension  of  X0 


We  now  consider  the  preservation  of  certain  napping  properties 
under  products. 

For  the  remainder  of  this  chapter  we  will  assume  that  XV  is 
a set,  for  each  x&A  , and  Yx  are  spaces,  and  f is  a function 
from  X to  Y , 

A /A. 
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Proposition  0*39 


If  f is  one-to-on©  for  each  a e.  A , then  II  f,  is  ©ne- 


xt a 


to-ono. 


Prqof:  If  (x  ) 

X £L.  y\. 


and 


are  distinct  points  of 
, TT~  X , then  there  is  eoco  r e 71  such  that  <fi  z » Sine©  f 

A-  fc-  iv.  ^2*  i* 

is  one-to-one,  fr(xr)  v f (z  );  hence  ( TT  f,)<(xj  ) 

* * I x ^ C 7\  * - '* 


<fA(x  )) 

-X  x x e.  J\_ 


X & A. 


A £ A 

« ( TT  fJ«zA) 


^ A £-  A 


A £-A 


A £ YY 


), 


Proposition  0.40 


If  f A is  continuous  for  each  a eA»  then  IT~  f is 


A £ A 


continuous* 


Proof : If  (x  ) 


A'XtA  a P°*Rt  °f  xUa.  X;n-  and  ^ U is  ^1* 


open  subset  of  . ~ Y,  containing  ( II  f , )((x,) 

fc  A A £ .A  ^ A A t A 

there  is  some  finite  subset  A of  y\.  and  soiae  collection 
K s ^ e of  epen  sets  such  that 

( TV  fA)((x3L)  ) € c u»  Since  each  f is 

a e a A e A ^ -x 


)•>  then 


A £ a 


continuous,  then  for  each  a A,  is  an  open  subset  of 

containing  x^  * Hence,  (xA)  ? & ^ ^ O rr^ ^ and  for  any 

^,'1TdS  ■*'[_' "L^cjl]»  '-'<=}  (s<^)  for  each  =}  £ A; 


30  < 


A £_A 

is  continuous 


£ A 

fA)«0 


X 6A 


) £ OirT^r^dl  c.  U,  Hence 
A £ A * L “ 


» rr  f 

A £ A 


Preposition  0,41 

If  f A is  relatively  open  for  each  A eA  then  TT~ 

' A £A  A 

is  relatively  open* 

Proof?  If  v a (xA)^  eA  is  an  element  of  on  ©pen  subset  U 
of  aTZa  Xa-  9 then  Chore  is  some  finite  subset  Av  of  7l  and  a 
collection  of  open  sets  £o  c X^mc  Ay  J such  that 

£7V  £ £ u«  Since  fA  is  relatively  epen  for 
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each  At  A,  wo  have  that  for  each  4 £ Ay  there  is  some  open 
Vv^  S Y*  s«eh  that  f^[Uy  ] - f]  Vy^.  Then 

i3  an  °Pen  subset  of  Yx»  For  each  4 £ A, 

*»«  °V  80  e V Rence»  ( aTa  f>>«XA>*  ^ > - 

<fx<xj)  Tk  C-  A ^ ,aQa  'l-Vv^]a  Furthermore,  if  (zA)xeja  is  an 

> 4 ,(21flCV]» 


' ^£Ay 

element  of  TT  X^and  if  ( TF  fj,)((z-) 

X cyi  X-  Afe_A  ^ >■  xeA 


then  there  is  some  p ^ Av  such  that  f^(s^)  ^ V , which  iirrpl  ies 

f 

that  a/uv  i so  (^)X£yV  ( O it^[Uv  ].  Therefore, 


4 ^ A-y 

A£A^'Lc|'6A7,a^\^  J ' X«A 

50  < ^ VCB1  - < ^x)[ 


< JT,  ^ .QjC'M  - < jr<  n ( 4Q;rrcvvj), 

o <vti< 


^ x£'a  •*  v 6.  U ’ a,d  A 

Proposition  0»A2 

If  f is  dense  for  each  >*  £A  then  ~?7T  f ^ is  dense, 
x x t-A  x 

Proof:  Lot  U be  a nonempty  ©pen  subset  of  ~TT~  Y,  » Then 

X £--A  ^ 

there  is  some  finite  subset  A of  .A  and  a collection  s y4:  d e a^ 
of  nonempty  open  sets  such  that  O irt^fu  1 c U,  For  each  xe  A, 

■%  r K r-n  *-  A -J  “rj*  y 

T i **  ^ A 

£ if  a e A®  Then  for  each  ^A>  fI*(X] 

Is  a nonempty  subset  of  X ; so  A f“I-[V;L‘]  is  a nonempty  subset 

Of  aTA  V If  tA  € Aa  fA1W>  then  for  each  * *-A. 
fX<X4  £ Va’  “ <xTa  fX)<(VX<.A  > = <W>x«A  £ ^r1^]  s 0. 

Corollary  0o A3 

If  <YX , f*>  is  an  extension  of  XA  for  each  a e.  a.  , then 
< . TJ~  V-,9  s 1 1 f .>  is  an  extension  of  fl  x. 


define  V tSt 
/* 


x C- A A A o.A-  X 


A e-A. 


'A® 


Proof:  This  is  immediate  from  Propositions  0.A0,  0,41 , and 


0o62, 
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Proposition  0.44 

If  fx  is  continuous  end  dense  for  each  x tAj  then  for  any 
open  set  U s ^7T~  and  any  <=_a.,  ^[rrj’u']']  a 1f)[(  ~JT  fx)ol[o]]. 


Proof  t If  e iT^f  ( TT^  fA)"'[U  |],  then  there  is  sozq  point 
(w  ) of  TT  X such  that  w,  a x,  and 

( 7T~  f )((w  ) ) a (f  (w  ))  £ U,  which  implies 

^ A A A 6.  vA_  A A X fc.  V\_  ' L 

13  6 IT  [U]j  so  e f^fo[Uj]4  On  the  other  hand,  if 

is  an  decent  of  f^^  then  f^(x^)  e so  there  is 

semo  element  (w  ) , of  U such  that  w,  « f (x. ),  Then  for  each 

/•  a c yt  c>s 

x £ A,  there  is  soma  open  c.  YA  such  that  wAe  UA  and 

o U„  For  each  Xed,  is  nonempty;  so  we  can  choosa 


x &-W 


za6  ^x'C^a!  with  the  provision  that  =»  x^o  Then 
<3^X  eyi  £ <^7  ^)0lCUl  and  XA  " 2H  « V<ZA> 


X C- W- 


5 £ 


CHAPTER  1 


EXTENSIONS 

Definition  1.1 

An  extension  <Y,  'f  > of  a space  X is  called  distinguishable 
provided  that  for  any  taro  distinct  points  of  Y there  is  an  open 
set  U in  Y containing  one  of  them  such  that  l/0^[u]  $1 
for  any  open  set  V containing  the  other. 

De f ini £ ion  1,2 

An  extension  <Y,  f>  of  a space  X is  called  ^distinguishable 
provided  that  for  any  two  distinct  points  y and  z of  Y there  is 
some  open  set  U containing  y such  that  ^OT  anY 

open  set  V containing  z. 

Definition  1.3 

I 

An  extension  <Y, y>  of  a space  X is  called  C»distinguishnblo 
provided  that  <Y,  is  distinguishable  and  fox*  any  point  y of  Y 

and  any  closed  set  A not  containing  y there  is  some  open  set  U 
containing  y such  that  U~|  ^ </’“*' j V]  for  any  open  set  V such 

that  V n A *4  0. 

Definition  l.A 

An  extension  <Y,tr?>  of  a spaco  X will  bo  called  relatively 
Hausdorff  provided  that  for  any  point  x of  X and  any  point  y of  Y 
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distinct  from  '/(x),  there  exist  disjoint  open  sets  U and  V in  Y 
such  that  y e U and  ^Cx)  £ V. 

Proposition  1.5 

If  <Y,  '/’>  i3  an  extension  of  a space  X and  if  Y is  a 
Hausdorff  space,  than  <Y, f > is  bidistlnguishable  and  relatively 
Hausdorff . 

Proof:  Since  Y is  Hausdorff,  <Y,^>  is  relatively  Hausdorff. 

If  y and  % arc  distinct  elements  of  Y and  if  U and  V are  disjoint 
open  sets  containing  y and  3,  respectively,  then  and  V,°’1  [v] 

aro  disjoint  open  subsets  of  X.  If  W is  any  open  set  containing  z, 
then  W C\  v is  a nonempty  open  subset  of  Y;  so  that  since  is 
dense,  0 gt  f ^[W  D '/]  e Bui;  if'^W  n V]  c ifT^v] 

and  Ir-‘[V]  is  disjoint  from  1p~1[u]  so  fol[W]  Hence, 

<Y,  is  bidistlnguishable. 

For  an  example  of  a Hausdorff  extension  which  is  not  C- 
distinguishable,  consider  the  space  X consisting  of  the  closed 
interval  [0, l]  with  topology  generated  by  the  usual  open  sets  Sn 
[0,1]  and  the  sot  Q of  rational  elements  of  [0,l],  This  is  a 
Hansdorff  space  and  an  extension  of  the  subspace  q'  consisting 
of  the  rational  numbers  in  (0,1),  It  is  not  C-distinguishable 
because  the  irrationals  in  [0,l]  form  a closed  set,  but  the 
intersection  of  any  open  set  in  X with  Q ' is  the  same  as  the  inter- 
section with  Q of  an  open  sot  which  contains  soma  Irrational 
numbers. 

Proposition  1.6 

if  <Y,  lf>  is  an  extension  of  X and  if  Y is  a T3  space,  then 
<YfLf>  is  Odistingulshablo. 
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Proofs  From  Proposition  1,5,  <Y,tf>  is  distinguishable*  Tf 
A is  a closed  subset  of  Y end  if  y G Y ^ A,  then  there  exist 
disjoint  open  sets  U and  V in  Y such  that  y £ U end  A £ V*  Since 
U and  V are  disjoint,  ^ [[U  ] and  4* are  disjoint*  If  W is  an 
open  subset  Gf  Y containing  any  point  of  A,  then  W Hv  is  a non« 
eizp «:y  open  subset  of  Y so,  since  is  dense,  0 4 0 V]  <=.  l ? 

But  •‘f’V  n V]  O If- ^V]*  so  lf"l[W]  if-l[u]. 

Corollary  1*7 

A Hausdorff  compactif ication  is  a ^distinguishable  bidis» 
tinguishable,  relatively  Hausdorff  extension. 

Proposition  1,8 


Let  X bo  a space  and  let  X be  a lattice  of  closed  subsets 
of  X which  is  a base  for  the  closed  sets  in  X and  such  that  for  any 
point  x £ X and  any  element  A £.  X which  does  not  contain  x there 
exists  some  B € X with  x e 3 and  A 0 B » 0*  Then  < y(X£  ),  LP^>  is 
a bitiistinguishablc  C- distinguishable  extension  of  X* 

Proof  s From  Corollary  0,33  <VXX),  f ^ > is  an  extension  of 
X,  If  u and  v aro  distinct  elements  of  XXX),  then  by  Proposition 
0,15  there  exist  disjoint  sets  A and  B in  X such  that  A £ u and 
3 £ v*  From  Definition  0,24,  Proposition  0,26,  and  Proposition  0,27, 
C(B)  is  a closed  subset  of  >vXX)  containing  v but  not  «,  Hence 
>/XX  ) C(B)  is  an  open  subset  of  >T(X)  which  contains  u.  From 
Proposition  0*34,  [yf(Jl)  ^C(B)  ] «>  X/-^3,  If  U is  an  open  subset 
of  yriJL  ) which  contains  v,  then  .V(X)  ^ U is  a closed  subset  of 
XX X ) which  does  not  contain  v.  The  collection  fc(M)*M  & X] 

Is  a baso  for  the  closed  sets  in  WXX)s  so  XXX  U » O C(M,) 

H C CL  4 

for  some  subcollection  fM,  of  X*  Since  v i X)  C(M.), 

c ^ ^ e <2.  d 
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there  is  some  ed  such  that  v 4 C(M^),  By  Definition  0,24, 
v;  so  by  Proposition  0,16  there  is  some  E e v such  that 
E O m 0;  hence,  E e.  X ~ Then  from  Proposition  0,34, 

E £ X ~ M,  » y£*[X(X)-~  C(M^)]  o ^T*[V<X)  - ^ C(M4)]. 

But  E f]  8 >i  i5;  so  E X ^ 3j  hence 

£l[»]  - ^“x[>x(X) - c^nu  c(m4>]  n-B » ^*V<X) - c(b)]. 

Thus,  < MX),  ^ > is  bidistinguishable,  If  A is  a closed  subset 
of  V(X)  and  if  u £ V(X)  ~ A,  then  since  ^C(M)  :M  e Xj  is  a base 
fox*  the  closed  subsets  of  >vX£),  A « C(M^)  for  some  sub- 

collection  £ (2}  of  X»  Hence,  there  is  soma  e.  dL  such  that 

u f C(M^) , Then  V(X)^  C(M^)  is  an  open  set  containing  u and, 
as  was  just  shown,  for  any  v £ A c C(M^)  and  any  open  set  U containing 
v,  ^"’[U]  4,  X - \\p  m - C(M^)].  Hence,  <)r(X),  > 

is  C-distinguishable, 

Proposition  1,0 

If  X is  a space,  then  <V(X^),  ^ > is  a relatively 
Hausdorff  extension  of  X, 

Proof ? Clearly  satisfies  the  standing  hypotheses  used 

in  Corollary  0,33,  Thus  is  an  extension  of  X, 

Let  u and  bo  distinct  elements  of  V(X^),  By  Proposition 

0,15  there  exist  disjoint  A and  B in  £„  such  that  A £ l/x  (x) 

x X 

and  B € u.  By  Definition  0,31,  x €.  A;  so  x <j.  3 and  B is  closed 
in  X;  hcncG,  there  exist  disjoint  open  sets  U and  V in  X such  that 
x € V and  B c U,  Then  X U and  X ~ V aro  elements  of  X ^ and 
(X  ^ U)  U (X  ~ V)  X,  (X  ~ V)  e u,  since  3 ^ U ^ X V and  B e u, 

(X  ^ U)  £.  since  x £ (X  U)  e Furthermore,  since 

3 /0  (X  ~ U)  « 0,  it  follows  that  (X  U)^  u;  so  u 4 C(X  ^ U)  and 
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% (x)  j C(X~  V).  By  Proposition  0,25,  )V{X.S)  « C(X)  » 

C((X  — U)  U (X—  V))  « C{X  ~ U)  U C(X  — V).  Therefore, 

'H(XX)  C(X  ^ U)  and  >/(<£  ) ^ C(X  ~ V)  are  disjoint  open  sets 

**  A 

in  V(  X ) containing  u and  % (x) , respectively, 

X °<-X 

Theorem  1,10 

A space  X is  To  if  and  only  if  it  has  a contact  relatively 
Hausdorff  extension. 

Proof:  If  X i3  T„,  then  <7^x>  is  a r®l®tively 

Hausdorff  extension  of  X by  Preposition  1.9  and  is  compact 

by  Proposition  0.29.  Conversely,  let  <Y ,(f>  be  a compact  relatively 

Hausdorff  extension  of  X.  Since  V7  is  an  embedding,  for  any  closed 

set  A in  X and  any  point  x not  contained  in  A there  is  some  closed 

sot  3 in  Y such  that  V*  [A~j  a '/  fx]  H B.  Since  ^ is  one-to-one, 

V7  (:<)  j-  ^[A-];  so  ^(x)  / Bj  hence  for  each  y € 3 there  exist 

disjoint  open  sets  and  in  Y such  that  lf (x)  £ and 

y £ V^,  Since  B is  a closed  subset  of  a contact  space  Y and  since 

{Vyjy  £ Bj  is  an  open  cover  of  B,  there  is  a finite  subcover 

n n 

fv„, : is»l,2',,nf . Then  UV„,  and  Hu.,,  are  disjoint  open  sots  in 
c yJ  ' i-i-l  yi  i«l  ^ i n 

Y containing  B and  ^ (x),  respectively.  Hence  V7"^  U Vyj  J and 
(j?  n 

Y "l£  f')  o ] are  disjoint  open  sets  in  X containing  A and  x, 

i ll 

respectively. 

Proposition  1.11 

If  Y is  a Tj  space  and  if  <ltf>  is  a (^distinguishable 
extension  of  X,  then  <Y,  f>  is  bidistinguishable. 

Proof:  If  y and  z are  distinct  points  of  Y,  then  {z3  is  a 

closed  set  since  Y is  hence,  since  <Y,  f>  is  C-dlstlnguishablo, 
there  is  some  open  subset  U of  Y containing  y such  that 

for  any  open  set  V containing  z* 
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Proposition  la  12 

If  Y o-  Z and  if  <Z  ?Lf>  is  a distinguishable, 

bidistinguishable,  or  Odistlnguishabio  extension  of  X,  then  so 
is  <Y,  V?>. 

Proof?  Given  any  open  set  U in  Y,  then  U a Y /7  V for  sos© 
open  sot  V in  Z.  Since  Tfx")  is  dense  in  Z,  there  is  some  point 
x £ X such  that  V7  <x)  € V,  Then  because  f [X]  o.  Y,  LP  (x)  £ Y D V « Uj 

hence,  'f  CX1  *3  dense  in  Y;  so  is  an  extension  of  X.  If 

<Z,L?>  is  distinguishable  and  if  y and  ss  are  distinct  points  of  Y, 
then  y and  z are  distinct  points  of  Z;  co  thora  is  an  open  set  U in 
Z containing  one  (say,  y)  such  that  for  any  open 

sot  V containing  the  other.  Then  y £ U D Y,  U fl  Y is  open  in  Y, 
and  V^[U  D Y"]  sa  Lf  If  a £ W for  some  open  set  f.J  of  Y,  then 

\J  w Y /l  v for  some  open  sot  V in  Z and  a € V;  so 

?~l[W]  » ^-J[V]  ^al[U]  n y-1[U  0 Y ] 5 hence,  <Y,7?>  is 
distinguishable.  If  <Z ,'•/’>  is  bidistinguishable,  the  same  argument 
with  the  phrase  "containing  one  (say,  y)"  replaced  by  the  phrase 
"containing  y"  proves  that  <Y,  (f  > is  bidistinguishable.  If  <l3lf  > 
is  C-distinguishable,  then  <Z, > is  distinguishable;  so  <Y,  lf> 

is  distinguishable.  If  y <=  U for  some  open  set  U in  Y,  then  there 

is  an  open  set  W in  Z such  that  W 0 Y « U.  How  since  <Z,(/’> 

13  C-distinguishable,  there  is  an  open  set  V in  Z containing  y such 

that  rlm  & for  any  open  set  V/  containing  any  point 

of  Z -W.  If  V Is  an  open  set  in  Y containing  any  point  z of 
Y ~ U,  then  there  is  some  open  set  in  Z such  that  H Y «a  V^. 

Since  a £ V^,  vj,  Since  z <(  U,  z j-  W»  Hence,  LfA\V  O Y-)  « 
f -[V]  -p  <f  - [V0]  «»  7 *[v0].  Therefor©,  <Y,  t/7>  Is  C-distinguishable. 
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Proposition  1,13 

If  X c.  y and  if  <Z,</>>  is  a relatively  Hausdorff  extension 
of  Y,  then  <7’[|X]J  tf/x>  is  a relatively  Hausdorff  extension  of  Xa 

Proof  i It  is  clear  that  ^£x]  is  dense  in  <-f  £x]  and  that 
ifS)  being  a homeossorphism  of  Y onto  L/>[ Yj,  Implies  that  Wx  is 
a homeosorphisn  of  X onto  ^[^1*  Hence  <l-f  [X  'f  j X>  is  en  extension 

of  X.  Given  distinct  points  y end  (:c)  in  ^ (X),  then  since  y 
and  ^ <x)  are  distinct  points  in  Z and  <Zt'f>  is  relatively  Hausdorff, 
there  exist  disjoint  open  sets  U and  V in  Z containing  y end  (:<), 
respectively.  Hence,  U 0 (X ) and  V (1  ^ (X)  are  disjoint  open 
sets  in  ^ (X)  containing  y one!  Y’(x),  respectively. 

Proposition  1.14 

If  <Y,  f>  is  an  extension  of  X and  if  <Z9'f>  is  a relatively 
Hausdorff  extension  of  Y,  then  <Z,  'f'o  y>>  is  a relatively  Hausdorff 
extension  of  X, 

Proof?  It  is  well  known  that  the  composition  of  dense 
embeddings  is  a dense  embedding.  Thus,  <ZP  fo  f>  is  an  extension 
of  X.  If  ?,  astd  V,oLf(x)  are  distinct  points  of  Z,  then  since 
<Z,  f>  is  a relatively  Hausdorff  extension  of  Y and  <x)  G Y, 
there  exist  disjoint  open  sots  U and  V in  Z such  that  z £ U and 
f’o  ^(k)  £ Vj  hence,  <Z,  VJo(f>  is  relatively  Hausdorff. 

Theorem  1.15 

If  for  each  element  X of  a set  -<T  , <7^,  LP^>  is  an  extension 
of  X^  which  is  relatively  Hausdorff,  Odistinguishablo,  bidis- 
tinguishable,  or  distinguishable,  then  fcho  extension  1 V;  x Ta  ^ > 
of  X>-  resPectiv®£y»  relatively  Hausdorff,  C-distinguishable, 

bidistinguishafcla,  or  distinguishable. 
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Proof! 


(O  If  each  <Y_  , *fx>  Is  a relatively  Hausdorff  extension 

of  Xx  and  if  (y  ) and  ( '-f  (x  ))  . are  distinct  points 

of  TT  Y , then  there  is  some  ^ e A such  that  T (x.)  ^ y , , 

X € 2l  ^ * °C 

Then  since  <Y^,  LPJK>  Is  a relatively  Hausdorff  extension  of  X^  , 
there  exist  disjoint  open  sots  U and  V of  Y^  such  that  e U 
and  Lf^  (x^)  £ V.  Hence,  rr^U*]  and  are  disjoint  open  subsets 

°f  TTA  C!ld  <!IX!  “d  < 

\ii)  If  each  <YA,  Is  a distinguishable  extension  of 


, , A and  (s?-,)  ...  , . are  distinct  elements  of 

A e,  A X €.  A. 


XA  and  if  (yA) 

„ T , then  there  is  some  A £.  A such  that  y.  T*  z,„  Because 
<Yj*  S^>  is  distinguishable,  there  is  some  open  U in  Y^  containing 
one  (suy,  y^)  such  that  ^”X[u]  4 <fj“l[v]  for  any  open  V in  Y^ 
containing  2i,  Then  ttvT U*|  is  an  open  subset  of  Y~  which 

' J A c.  A /A- 

contains  (y^)_^  • If  W is  an  open  subset  of  Y-^  containing 

* then  ^[Wl  is  an  open  subset  of  containing  . 

Hence,  from  tha  above  and  Proposition  0*44, 

Tt4c<  A7!  V’tXI]-  if'Cis.B'Tl  ^ - 

it|[(  )'>‘['ir"’j/d"]')']  which  implies 

< TT  VmlM  *<J&V  >'1K1[«1]|  « < ,Tr  Ya,  7r  <4 


A <lA  * A e-A  * 


is  a distinguishable  extension  of  ->~TTZ  Xs* 


(iii)  If  each  <Y  , l/3  > is  ^distinguishable,  the  same  proof 

A-  X 

except  for  tho  substitution  of  the  phrase  “containing  y^**  for 


’containing  one  (say,  y . )”  shows  that  < H Y , JT~  <A  > Is  a 


X CA 

bidlstinguishable  extension  of  7/  X , 

«X  £.  A A- 

(iv)  If  each  <Ya,  S^>  is  (^distinguishable,  then  from  <i:l) 


abovo,  < TT”  Y , 1 1 If  > is  a distinguishable  extension  of 

A ty\.  A x C7V  X 
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Given  an  el easnt  (y->),  _ , of  an  open  subset:  U of  1 1 ~ Y . there 

^ a eyv  A' 

odists  some  finite  collection  ^UAi  c YAjsi«l,2,,n}  of  open  §st3 

n 

such  that  (y^)^  ^ C S ,J»  Since  each  <YAi,  </Al> 

is  (^distinguishable,  for  each  there  c-xitsts  an  open  set 
V>1  c such  that  yAj  e vaj  ?4td  ^or  nnY  open  Vi  ^ Y^,if 
V>  0 (YA^  j)  0,  then  V^*[W]  Then 

<v»Af  a^.]  - a^c^is  »• « <‘A^/  u, 

, n . 

then  (z^K  , . r tt"*  '(  U~.  !,  which  implies  that  there  is  sossg  j 

A A £ A Aj1-  AjJ-' 

for  which  a-,  f?  U- > » If  (z^ ) . 6-  W for  some  open  subset  W of 

A A 6.  A. 

fx»  then  zA  e tca.[W]  and  tTj  ,[’?"]  is  an  open  subset  of  YA . ; 

J J J J 


A 6 A 


so  from  Proposition  0.46,  rrAj[(^^  ) ^[W  J]  03  V’^1C'»rAj[Hl]  w 

,;hich ( ?L  %>”vn  ■■'  <PZP  %. rl( 

Hence,  < jj~  Y , ~r]~  > is  a Odist  inguishabie  extension  of 

A A A-e-Zi  'A 

~TT  X . 

A«-A  A 

Propos it! on  1,16 

If  <Y ,Lf>  is  an  extension  of  X,  <Z,'iJ>  is  an  extension  of  Ws 
and  f is  an  embedding  of  Z into  Y such  that  L/(]X"]  o fo  Y*  jJVJ~] 

(i.e.,  if  there  is  a subset  V!  of  W and  a homeomorphism  f / of 
W / onto  X such  that  the  diagram 


X 
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ccmriUtrea) , than  <2,  *f  > is  C-distinguishable,  bldistlnguishable,  or 
distinguishable  if  <Y,f>  is. 

Proof;  Let  W/  bo  (fo'-f')  fx"]]9  and  let  i bo  the  inclusion 

function  from  W 1 into  W,  Define  f ' carrying  W ' into  X by 
f (z)  U T’^fo  'f  o i(z)]*  f ' is  well  defined  since  <f  is  cnc-to- 
one,  and  (by  the  choice  of  W / ) for  any  z £ W;  there  is  at  least  one 
x £ X such  that  fo  f(«)  «*  ^(x),  Thus  f'(z)  « 

^^[fo^oKz)]  O lyr^for^fofr^fCx)]]]  «U  » X,  since 
f,  T5*  and  f are  all  one-to-one.  If  3^  and  z2  ai'Q  distinct  elements 
of  W\  V'(z1)  4 f (s2),  so  fo  fo  ^(s^ ; hence, 

f^Zj)  *4  f/(z2),  since  and  ^ f (z2)l  are 

disjoint.  For  any  x e X there  is  by  hypothesis  some  v e W such 
that  ^(x)  » fo'f(w).  By  the  definition  of  W 1 9 w £ and  by 
definition  of  f;  and  the  fact  that  it  is  well  defined,  f/(w)  « xj 
hence,  f 1 is  onto,  if  U Is  an  open  subset  of  X,  then,  since  is 
relatively  open,  there  is  some  open  sot  V in  Y such  that 
[U]  ■ V n 7[x]o  Since  i,  T,  and  f are  continuous, 

] is  an  open  subset  of  W/«  w e- 

implies  that  fo^oi (w)  £.  V and  (since  w e W')  that  fo  foi(w)  a 'f  (x) 
for  setae  x £.  Xj  so  fo  HJoi(w)  & ^ v«  Hence,  x « f'(w)  £ U; 

so  i"*£vf’  » f/”1[u]»  Therefore,  f / is  continuous.  If  U 

is  an  open  subset  of  W' , then  i[  U")  » H 1 0 Uq  where  U()  is  open  in  W, 
Since  is  one-to-one  and  relatively  open,  oi£u"]  * M'’  0*  ^ uo^  " 
'"f  [M ' 1 ^ V 531  TO*  I n *"f  Q*  ] 0 [W']0  Uj  (for  sorca  open 

sot  Uj  in  Z)„  Because  f is  one-to-one  and  relatively  open,  there 
is  an  open  set  U2  in  Y such  that  fo^ol^U]  « f]  « 

f o h* [w ' ] n f[ox] » for[w']n  f[z]o  u2 « toy  [wj  n u2.  Then, 
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since  Lf  is  continuous,  Lf  “*£fo  fo  i['u"]  ] £w  1 ] D « 

Lr5[U2]  *>  X D f-l[U2]  » ?ol[U2],  which  is  an 
open  subset  of  X,  Now  x £ f lmPlies  Y (x)  • fo  Yol(w)  for 

seas  w 6 u.  Hence,  x « f'(w)j  so  » f^u],  Therefore, 

f y is  one-to-one,  onto,  continuous,  and  opsnj  i.e»,  a homeomorphisn. 
Thus,  if  vo  let  f denote  the  function  f carry ing  X onto  f[[2f],  j 
the  inclusion  function  of  f£z]  into  Y,  1^  the  identity  function  on  X, 
and  the  function  Y of  X into  f£zj,  then  the  following  diagram 
commutes 


X 


■-x 


f 

'I 

* Y 


end  f and  f 7 are  homeomorph isms. 

Then  fron  Preposition  1,12,  if  > is  distinguishable,  Indis- 
tinguishable, or  C -distinguishable,  so  is  <f£z’],  f >j  and  hence  so  is 
<2,  f oi>.  If  <ZtT°i>  is  a distinguishable  extension  of  W 1 and  if 
y and  z are  distinct  elements  of  Z,  then  there  is  some  open  sot  U 
in  Z containing  ono  (say,  y)  such  that  (t'oi)'  [~tf]  $4  ( Yo  i)ol[V~] 
for  any  open  set  V containing  Z«  But  ( f o !)"*[[ U]  *»  r^CY 
and  (Yoi)"1^;]  • i“J[Y  *l[v]]i  so  Y"l[0]  fral[v].  If  tho  phrase 
“containing  one  (say,  y)“  is  replaced  by  '‘containing  y,“  tho  abovo 
proves  the  corresponding  result  for  bidistingulshability.  If 
<Z,  YoS>  is  C-distinguishsble,  then  for  any  z £ Z and  any  open 
subset  U of  Z containing  a,  there  is  soma  open  subset  V of  Z 
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containing  z such  that  ('j'oD'^Vj  4 for  any  open  set 

V'  in  Z such  that  V ' 0 (2  - U)  4 0*  But  i-1[y  “l[vJ]  » 

(f  oir^V]  4 (toi  r*[V']  » implies 

r“l[V]  ^ h^nce,  <Z}'jy>  is  ^distinguishable* 

Corollary  1.17 

Let  <Y, tf  > be  an  extension  of  X and  <Z,y>  ba  an  extension 
of  Y,  Then  if  <Z9'j'oif>>  lg  a distinguishable,  bidis  t ingu i shabl e, 
or  C-distinguishable  extension  of  X,  it  follows  that  <2, Hy>  is, 
respectively,  a distinguishable,  bidlstinguishablo,  or  C-distin« 
gui shabl e extension  of  Y. 

Proofs  This  is  a special  ease  of  Proposition  1*15  in  which 
the  function  f is  l yJ  the  <Y,  > is  <2,  'f'  o f>,  and  <2,  vp>  is 

<Z,  t>» 

Corollary  1,13 


If  ijjX «►  Y,  i.^sY » W,  and  i^sW *-  2 are  all  dense 

embeddings,  and  if  <2, is  a distinguishable,  bidisfcin- 
gu i shabl o,  or  ^distinguishable  extension  of  X,  then  <5-1 , i 2>  is, 
respectively,  a distinguishable,  Mdistlnguishable,  or  ^distinguishable 


extension  of  Y» 

Proof i Frora  Proposition  1*16,  <2, i^oi 
property  and  by  Proposition  1*12  so  does  <5?, 


2>  has  the  associated 
“2>0 
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Theorem  1 ,19 

If  <Y,  tf>  £nd  <Z , Y>  are  bidistinguishablo  extensions  of  X 

and  if  f:Y ► Z and  g:Z- »Y  aro  continuous  functions  such  that 

fo  f a f and  go  a % then  f and  g are  hoiseomorphisras. 

Proof:  For  any  y e.  Y,  if  gof(y)  ^ y,  then  there  is  some 
open  sot  U in  Y containing  gof(y)  such  that  f "*CU!  ^ ^”*00 
foi*  any  open  subset  V of  Y containing  y,  But  Y'^T'-H  a (go  Y )a!-[Y^  & 
T"i[g-i[u]]  - (fo  >/  )-1[g-1[o]]  - a!Ki  f-^g- 

is  an  open  subset  of  Y containing  y,  Hence,  gof(y)  » y for  each 
y £ Yj  thus,  gof  a ly.  Similarly,  fog  a 1^,  so  that  f and  g at’a 
homeomorphi  sms  • 

Corollary  1,20 

Tho  class  of  bidistiiiguishabls  extensions  of  a space  X is 
partially  ordered  by  tho  relation:  <Z,  Y>  if  there  is 

some  continuous  function  f :Y » Z such  that  fo  «*  Y®  (In 

Chapter  3 this  class  will  bo  shown  to  bo  a sot,) 

Proofs 1 ft ion. 1 ,21 

Tho  conclusion  in  Theorem  1,19  decs  not  hold  for  distinguishable 
or  C '■distinguishable  extensions. 

Proof : Let  Y be  the  set  (0,1)  U {a,b},  whore  a and  b are 

not  elements  of  (0,1),  with  topology  generated  by  the  base  consisting 
of  the  open  subsets  of  (0,1),  the  sets  of  the  form  A U -[a]  where  A 
is  open  in  (0,1)  and  contains  ail  but  a finite  subset  of  (0,%), 
and  the  sets  of  the  form  B U [a,b]  where  B is  the  complement  of  a 
finite  subset  of  (0,1),  Then  if  i denotes  the  inclusion  function 
from  (0,1)  to  Y,  <Y, i>  is  a C -distinguishable  extension  of  (0„l)j 
and  there  are  two  distinct  continuous  functions  from  Y Into  Y which 


lmi 
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fix  elements  of  (.0,1),  Cne  of  the  functions  is  noithsr  one-to- 
one  nor  onto;  so  it  is  not  a hosseom-orphisr.1,  To  show  that  <Y,i> 
is  distinguishable,  select  two  distinct  points,  x and  y,  of  Y» 

If  one  of  thea  (say,  x)  is  an  element  of  (0,1),  then  Y ^ fx] 
is  an  open  subset  of  Y containing  y»  ioJ(^Y  {x}]  « (0,1)  [n] 

end,  for  any  open  set  U of  Y containing  x,  x t If,  on  the 

other  hand,  neither  is  an  element  of  (0,1),  then  eno  is  a and  fcho 
other  is  b,  {a]  U (Q,h)  is  an  open  set  in  Y containing  a end 
i U (0,’i)]  s.,  (0,%).  Any  open  set  U in  Y containing  b contains 

a sot  of  the  form  B U {a,b}  where  B is  the  complement  of  a finite 
subset  of  (0,1),  Then  B c i if]  and  3 contains  elements  of 
(h,l)»  Therefore,  <Y,i>  Is  distinguishable.  To  show  that  <Y,i> 
is  C-disfcinguishable,  we  select  any  point  y and  any  closed  subset 
A of  Y such  that  y / A,  Three  cases  must  be  considered, 

Cnso  Is  y e (0,1) , i"*[  Y ^ A~]  is  an  open  subset  of  (0,1) 

containing  y;  so  it  is  possible  to  choose  numbers  r and  a such  that 

0<r<y<s<i  and  (r,s)  £-  i°’f'Y  — A],  Suppose  V is  an  open 
set  in  Y and  that  z e V 0 A,  Wo  consider  two  subcases. 

Subcase  (Os  g e.  (0,1),  Since  z € A,  z j.  Y ~ Aj  so 
a <j.  i"*[Y  ~ A],  But  z £ so  <fr  (r,o)  « i°"[(r,8)^j. 

Subcase  (I  ?. ) i a a a or  ?.  ^ b.  Since  V is  an  open  set 
containing  cither  a or  b,  then  all  but  a finite  subset  of 
(0,r^  must  bo  contained  In  V,  Hence,  1”‘{_V  j 4 (r,a)  « 
i’”’J[(r,s)'], 

Case  2t  v «■  a.  Since  Y ^ A is  an  open  subset  of  Y containing 

a,  there  is  some  open  sot  of  the  form  D U faj  contained  in  Y ^-A, 

where  D is  the  complement  of  a finite  subset  in  (0,%)«  Suppose 
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V Is  an  open  subset  of  Y and  z £ V P)  A,  Wa  consider  two  sub- 
cases. 

Subcase  (i)t  s e (0.1).  Since  z £ A and  D o Y ~ A,  z £ D? 

so  3 £ r-'[v]  and  z j.  D » i“^[D  U £a}],  Hence, 

r*[vl  **  i“1[d  iy[a>]. 

Subcase  (ii){  z « b.  Since  b £ V and  V is  open  in  Y,  V 

contains  all  but  a finite  subset  of  [%,l)j  so  i”*[V~)  is  not 

a subset  of  (0,%)  as  is  D « i~J[jD  U [rf  ].  Hence, 

‘•‘[V]  * i-5[D  U oy). 

Case  3;  yob.  Since  b £.  Y -~A  and  Y A an  open  set  in  Y, 

A must  be  a finite  subset  of  (0,1).  Suppose  V is  an  open  subset  of 

Y containing  an  el ement  z of  A,  Then  z £ and  z <jL  i”1[Y  — a], 

Henee,  <Y,1>  is  C»dlstinguishable,  Let  h be  the  identity 
function  on  Y.  Clearly  h is  a continuous  function  and  hoi  a i. 
Define  f from  Y into  Y by  f(;<)  « x if  x 6 (0,1)  and  f(a)  « f(b)  « b» 

Again  it  is  clear  that  foi  a i,  To  show  that  f is  continuous,  we 

select  y e Y and  an  open  set  U of  Y containing  f(y)  and  consider  two 
cases. 

Case  1:  y £ (0,1).  Now  f(y)  a y £ U;  so  ye  U 0 (0,1) 
is  an  open  set  in  Y containing  y;  thus,  f(_U  (1  (0,1)*]  »» 

U 0 (0,1)  s u. 

Case  2i  y £ fa.bl  „ Now  f(y)  a bj  and  U contains  an  open 
subset  of  the  form  B U (a,bj  where  B is  the  complement  of  o finite 
subset  of  (0,1).  Then  f[B  U [a,b}]  « B U £b]  e B U fa,b]. 

Hence,  f is  continuous.  Thus  f end  h are  continuous  functions 

from  Y to  Y which  fix  elements  of  (0,1) 5 but  f is  clearly  not  a 
hotneoznorph  ism. 


CHAPTER  2 


W ALLMAN  COMPACT I F I CATIONS 

In  Propositions  1«8  end  1.9  it  was  established  that  the 

Mailman  compact if ication  (on  the  lattice  of  all  closed  sets)  of  a 

Tj  space  X has  all  of  the  distinguishability  properties  defined, 

and  is  even  relatively  Hausdorff  when  X is  T3,  Since  it  retains 

such  an  intimate  relationship  with  the  structure  of  the  original 

space,  it  would  seem  to  deserve  further  study.  From  Kelley 

[]5,  p,  167^  any  continuous  function  from  n Tj  space  into  the  unit 

interval  (mid,  henee,  any  compact  Hausdorff  space)  can  be  extended 

to  a continuous  function  on  its  Wallraan  compactif ication.  The 

similarity  between  this  and  the  Stcne-^ceh  compact if ication  is 

so  striking  as  to  lead  to  the  conjecture  that  many  of  the  other 

✓ 

properties  of  the  Stone-Cech  compact if ication  might  have  Tj 
analogues  for  the  Mailman  compact if ication.  The  most  powerful 
such  result  would  have  a statement  something  likes  If  f is  a 
continuous  function  from  a space  X to  a compact  T^  space  Y, 
then  there  is  a unique  continuous  function  f*  from  V (<£._,)  to  Y 
such  that  f s*  f*°  The  following  example  shows  that  in  some 

cases  there  is  no  such  extension,  let  alone  a unique  one. 
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Example  2.1 

Let  Q denote  the  rational  numbers,  and  lot  Q*  denote 
Q U {4  ] where  is  not  a rational  number.  Let  a subset  of  Q7 
bo  open  provided  that  it  i3  en  open  subset  of  Q or  the  complement 
of  a finite  subset  of  Q 1 * Clearly  Q/  is  cojqjact  Tj  end  the 
inclusion  function  i from  Q into  Q'  is  continuous;  but  i cannot  be 
e3;tended  to  a continuous  function  from  WX<£.^)  to 

Proof:  If  i has  a continuous  extension  i*,  then  i*“~(°l) 

is  a closed  subset  of  V(X^),  For  any  u ^ 

i*(u)  w , since  if  i*(u)  » x <=  Q,  then  there  exist  disjoint  open 
sets  U mid  V in  W~(£q)  containing  and  u,  respectively 

(1,9).  Then  and  are  disjoint  open  sets  in  Q such 

that  x fe  Then  CLP<£q[,J"ll  *3  sn  open  subset  of  Q ' containing 

x and  ^oi*ii[^J[u]]  - %Tq[U],  since  i « i*°M>qo  But 
u £ i'v°o  if  ^i’qC^TI*  so  V f)  i*ii[^[u]]  is  a nonempty  open 
subset  of  X(c£q)  end,  hence,  0 v*  Lf£c£V  ^ i*“oi[  f/qC0]!]  s Lfjq[v]» 
which  contradicts  the  fact  that  *-s  disjoint  fro-a 

Therefore,  W(<^q)  is  closed  in  W\X q),  which  means  i t 

is  the  intersection  of  some  family  (C(Mj)t  A e djt  However,  for 
any  which  is  a proper  subset  of  Q,  Q ^ IL,  contains  an  open 
interval  (r,s)  0 Q.  Then  there  exist  a end  b such  that  r < a < b < a. 
Since  £a,b]  (1  Q is  not  compact,  it  contains  a family  of  closed 
sets  with  the  finite  intersection  property  which  has  empty  intersection! 
By  Corollary  0,14,  this  family  is  contained  in  an  element  u of 
V(«£q),  Then  u j.  C(M^)  and  u f.  Hence,  i cannot  bo 

extended. 
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Happily,  however,  wo  can  achieve  something  like  the  desired 
result  if  we  restrict  our  attention  to  certain  well~behaved  functions. 
Definition  2,2 

A continuous  function  f from  a spaeo  X to  a space  V will  ba 
called  minutely  closed  provided  that  for  each  ultrafilter  u in 
there  is  some  A e u such  that  for  any  B e u,  f[]B  D A]  e 

The  following  is  immediate  from  the  definition. 

Proposition  2,3 

Every  continuous  closed  function  is  minutely  closed.  Minutely 
closed  functions  have  tho  virtue  that  they  induce  functions  on 
Wallman  spaces  in  a very  simple  way. 

Proposition  2,4 

If  f:X ► Y is  minutely  closed  and  if  u is  an  ultrafilter 

in  Z^f  then  Fj(u)  is  an  ultrafilter  in 

Proofs  Recall  from  Definition  0o21  that  F^(u)  » 

£a  e o£yjf[3]  e=  A somo  B e u}»  From  Proposition  0,22,  Ff(rj) 
is  a filter  in  Z^,  If  F^(u)  is  not  an  ultrafilter  in  then 

by  Proposition  0o!2  it  is  a proper  subset  of  some  ultrafiltcr  v 
in  Xy,  Hence,  there  is  some  A g v ~F^(u),  Since  f is  continuous, 
f^O]  ^ If  f"*[A]  e u,  then  f[]f’1’[A’]'|  c.  A;  so  A £ F _(u)« 

Therefore,  u;  so  that  from  Proposition  0,16,  there  is  come 

B e.  u such  that  B D f"*£Aj  «•  0,  Since  f is  minutely  closed,  there 
is  some  D £ u such  that  £^D  (1  B*j  e But  f[D  Ob]  (1  A c f[~B~]  f)  A « 0 

so  A cannot  be  an  element  of  any  filter  containing  Ff<u),  Hence, 

Ff(u)  is  an  ultrafilter  in 
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Remark  2,5 

Thus,  if  f:X »-Y  is  minutely  closed,  F ^ is  a function  from 

W(Xx)  to  >V(Xy). 

Proposition  2.6 

If  f:X *-Y  and  g:Y -Z  are  minutely  closed,  then  their 

composition  gof  i3  minutely  closed. 

Proof:  It  is  well  known  that  the  composition  of  continuous 

functions  is  continuous.  Let  u be  an  ultrafilter  in  By 

Proposition  2.6,  Ff(u)  is  en  ultrafilter  in  X^„  Since  g is 
minutely  closed,  there  is  some  B £ F^(u)  such  Chat  for  every 
element  A of  F^(u)  which  is  a subset  of  B,  gjjv]  €.  Since 

B £ F,_(u),  there  is  some  D £ u ouch  that  f[[D]  f;  B.  Sinco  f 
is  minutely  closed,  there  is  some  element  E of  u such  that  for  any 
G £ u,  f[[G  D E]  £ Then  for  any  G e u,  f^G  /I  E O D]  c X^ 

and  f£c  fl  E fl  D]  c Bj  hcnco,  gof[jG  fl  E OD]  e so  gof  is 

minutely  closed. 

Corollary  2.7 

The  class  of  topological  spaces  together  with  minutely  closed 
functions  is  a category 
Proposition  2.3 

If  f is  a continuous  function  from  a compact  T.  space  X into 
a Tj  spaco  Y,  then  f is  minutely  closed. 

Proof:  If  X is  compact  and  Tj  end  if  u is  an  ultrafilter  in 

<X.,,  then  there  is  somo  point  £ X such  that  £::}  <?  u.  Sinco  Y 
*•  V f[f»]  6 Xy  for  any  a £ X.  Hence,  if  A £ u, 
f[A  0 {x}]  » f[(x}]  £ Xr 
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Corollary  2.9 

If  X Is  a Tj  space  and  A is  a compact  subset  of  X which  is 
not  closed,  then  the  inclusion  function  i of  A into  X is  minutely 
closed  but  not  closed* 

✓ 

One  of  the  principal  virtues  of  the  Stone-Ceeh  compactlf i» 
cation  is  that  it  induces  a functor  from  the  category  of  completely 
regular  Hausdorff  (T^O  spaces  to  the  category  of  compact  Hausdorff 
spaces  which  is  a left  adjoint  to  the  inclusion  functor*  Although 
tho  VJ all man  eompactif ication  does,  as  will  be  shown  shortly,  induce 
a functor  from  to  the  category  of  compact  spaces,  there  is 
no  hope  for  making  it  tho  loft  adjoint  to  the  inclusion  functor, 
as  tho  following  shows. 

Proposition  2*10 

If  X is  a Tj  space  which  is  not  compact,  then  7^  is  not 
minutely  closed. 

Proof?  If  X is  not  compact,  there  is  some  collection  of 
closed  subsets  of  X which  ha3  the  finite  intersection  property 
and  whose  intersection  is  empty*  Than  by  Corollary  0*14,  this 
family  is  contained  in  some  ultrafilter  u in  VT( X x ) * Then 
u j-  7£x[x],  but  for  each  A e u,  u £ C(A)  •»  7 x ..[  A"]  (by  Definition 
0*24  and  Proposition  0.35),  so  7/y[A"]  is  not  closed  in  W'i 
for  any  A £ u. 

Although  the  functions  are  not  minutely  closed,  they 

do  share  with  the  minutely  closed  functions  the  property  of 
associating  ultrafilters  to  ultrafilters  in  a unique  manner*  This 
association  is  made  precise  in  the  following  definition. 
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Definition  2,11 

A continuous  function  fsX >Y  will  bo  called  minutely 

C-preservnt i vc  provided  that  for  each  ultrafilter  u in  there 

is  an  ultrafilter  vy  in  such  that  for  any  open  set  U in  Y which 

contains  an  element  of  v there  is  some  element  A e u such  that 

u u 

f[Au]  oU,  end  if  B e u end  B e:  Au,  then  f[B"J  e.  vu. 

As  the  next  proposition  shows,  this  definition  could  have 
been  stated  much  more  simply,  and  possibly  In  the  proeess  might 
have  appeared  less  artificial.  However,  ns  will  become  evident 
in  tho  remainder  of  this  chapter,  the  above  form  is  much  better 
suited  to  applications. 

Proposition  2,12 

A continuous  function  fsX o-Y  is  minutely  C»proservativo 

if  and  only  if  for  each  ultrafilter  u in  Zv  there  exists  a unique 
ultrafilter  v}  in  such  that  { f[A]:A  £ uj  c vy« 

Proof:  If  f is  minutely  C -preservative,  u is  on  ultrnfiiter 

in  cZy,f  end  vu  is  an  ultrafiltor  in  (as  in  2,11),  then  for  any 
A e u,  f[A~|  G.  v^.  This  is  so  since  Y is  an  open  set  containing 
an  element  of  v..,  which  implies  that  there  is  some  element  B g u 
such  that  f[]B  [ c.  Y and  D € u implies  fj^D  O B~]  €.  v^;  henco, 
f(]A  f)  B]  £ v and  f[A  0 3]  c f^A~] ; so  fpT]  e v^,  vy  is  unique 
sinca  if  w is  any  other  ultrafilter  in  Zy,  from  Proposition  0,15 
thsro  exist  disjoint  A and  B in«Ty  such  that  A <=  vy  and  B <?  w. 

Hence,  Y 3 is  an  open  subset  of  Y containing  A,  a member  of  vjt 
Since  f is  minutely  C "preservative,  there  is  somo  element  D of  u 
such  that  f[D  | 5 Y ~ B and  e vy;  so  { € uj  is  not  contained 

In  w.  Conversely,  if  for  eaeh  ultrafiltor  u in  vu  is  the 


then  given 


unique  ultrafilter  in  which  contains  ^f[/TJ:A  £ uj , 

any  open  set  U containing  an  element  of  vy,  0 (Y~-  U):A  e uj 

does  not  have  the  finite  intersection  property.  If  it  did,  then 

by  Corollary  0,14  it  would  ba  contained  in  an  ultrafilter  in  Xy 

which  would  have  to  bo  distinct  from  vu  and  contain  j^A'jsA  e u7. 

But  then  there  is  some  finite  subset  (A^si  « l,2,,n}  of  u such  that 

n n n _ 

(Y  ~ U)  0 ( f[^Ai  })  « 0;  so  f[  O £=  P>  f^A."  ] ^ U;  and  sinco 
i°l  ~ ie»l  i»l 


n 


nr 


for  any  3 £ u,  B (1  ( C)  As)  £ u,  ffB  D ( fA  Ai)~]  £ v , 

i**l  u i»i  1 u 

The  uniqueness  of  allows  us  to  deflna  the  following. 
Definition  2,13 

If  fsX 1> Y is  minutely  C~preservativo,  define 


fsW(c£x)  X y)  by  f(u)  a vu,  where  vy  is  the  (unique) 

ultrafilter  of  Definition  2 0 11 « 

Proposition  2,14 


If  f:X ►Y  is  minutely  closed,  then  f is  minutely  C- 

A 

preservative  and  f is  continuous. 

Proof:  Clearly  from  Propositions  2.4  and  2,12,  Fj(u)  a f(u) 

for  any  u £ Let  v ba  an  element  of  V(X^)  and  let  V 

bo  an  open  set  of  Y containing  soma  element  3 of  F^(u),  Since  there 
i3  some  A e u such  that  fjjV*]  c B,  and  3inco  f is  continuous, 
f 1(]B~]  e u»  Now  for  any  D e u,  f[D  (1  ^ B,  eo 

f[D  D f f 3 ;>  I!  c V;  so  ainco  fj^D  f)  f“l£B  |]  is  clearly  an 

element  of  F^(u),  f is  minutely  C-preservatlve,  Let  u be  an  element 
of  and  let  Fg(u)  ba  an  element  of  an  open  sot  U in  hX(X  ). 

Sinco  tha  collection  [C(M);M  e X^j  is  a base  for  tho  closed  sots 
in  V'CXy)  and  JX^y)  ~D  is  a closed  set  in  KU  y)  which  doss 
not  contain  Ff(u),  there  is  some  M G X si?ch  that 
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Ff(u)  € C(M)  = U,  Since  f Is  continuous, 

f-l[M]  e and  / u»  since  e u iirrpl  ies  Me  F^<u), 

3y  Proposition  0,16,  for  each  ultrafilter  w in  )v(c£^)  ~ C(f 
there  is  some  £ w such  that  AWH  Since  f is 

minutely  closed,  there  is  soma  Bt?  e w such  that  D <s  w implies 
fQ}  D B(?1  is  closed;  so  f[[Aw  f)  Bw]  « ^ ®W1  — ^CA*!  — Y ~ H, 

Hence,  Ff(w)  C V(Xy)-  C(M);  so  u € >r(£x)  ~ C(f-1[M])  and 
f[>/tXx)  ^ s — C(M)  c.  U,  Consequently,  f is 


continuous. 
Proposition  2,15 
If  fsX- 


Y,  g:Y 


Z.  and  gofsX 


A 


J9 

A A 


Z are  all  minutely 


^preservative,  then  gof  ua  g°f« 

Proofs  Recall  from  Definition  2,13  that  go'f(u)  is  the 
(tsiiquo)  ultrafilter  v in  which  contains  f gof[A]:A  s u]» 
gof(u)  is  the  (unique)  ultrafilter  w in  * C x which  contains 
{g[B]:B  € f(u)}«  But  for  every  A in  u,  f[A]  £ f(u)  and 
g[f[A]]  g[f[A]];  so  (gof[A]s.\  c uj  c.  fg[B]sB  £ f(u)]  and,  from 

the  uniqueness  of  w and  v,  we  have  w « v0 

This  yields  the  following  obvious  corollary. 

Corollary  2,16 

" A " defines  a functor  from  ^ to  the  category  of  compact 
Tj  spaces  with  continuous  functions. 

For  spaces,  "a  " has  an  interesting  uniqueness  property. 


Proposi  tion  _2_»  1 7 


If  fsX 


Y is  minutely  ^preservative,  if  X and  Y are  T 


spaces,  and  if  lf £ x und  denote  the  injections  of  X and  Y 

into  >T(Xj.)  and  >A(XY>,  respectively,  then  fo  ~ 4^  off 
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that  is*  the  following  diagram  commutes. 


W ( °4 y ^ » *-l^(  X) 

X f Y 


Furthermore,  if  g:V(Xw) >W(£^)  is  any  continuous  function 

for  which  go  » V^of,  then  g « f. 

Proof ; For  any  x £ X,  {x}  £ [A  £ <=£^sx  £ a]  ^^(x); 
so  from  Definition  2.11,  £f(x)|  e.  fo  (x);  but  the  only  element 
of  'YfiXy)  which  contains  ^f(x)]  is  tfc^Y(f(x))  « H , 

If  gtWiX  ) ->W{Jt  v)  is  a continuous  function  which  makes  the 

diagram  commute,  and  if  for  some  u £ g(u)  ^ f(u),  then 

there  cxi3t  disjoint  Mj,  M2  6 ^ such  that  £ g(u)  and  M2  6 f(u)« 
Then  since  Y Mj  i3  an  open  subset  of  Y containing  Mj  (an  element 
of  f(t;)),  thero  is  rome  A £ u such  that  f(j\J  e f(u)  and  f[XJ  ^ Y ~ M^. 
Since  Mj  and  f[A~]  are  disjoint  elements  of  X,, , C(Mj)  and  C(f[A]) 
are  disjoint  closed  subscjts  of  ) and  g(u)  £ C(M,);  so 

g(u)  j-  C(f[A~j).  Then  u j-  g“^[C( f^A"])'),  Since  g is  continuous, 
g’l[C<f[A])]  *3  dosed  in  since  CCfjjT])  is  closed  in 

>Aiy),  A f.  f“l[f[A]]  £ *“l[  *[*]*]•  From  Proposition  0,35,  f[A]  « 
^(7M)];  so  A S f"l[  ^(fCTf)]]  - so 

^X[A]  £ g^[C(f[A|)],  which  is  closed  sinea  g is  continuous. 
Therefore,  frost  Proposition  0.35,  C(A)  £ g"*£c(  f[~A  J)  ]j  hence. 


u £ g'’-,[C(f[A_j)’]“«a  contradiction.  Thus,  g f. 
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Corollary  2.18 

A £ 

f » f. 

It  has  been  established  that  *' /\  " determines  a functor  on 
a category  which  does  not  contain  the  Wall man  injections* 

”A  " has  been  defined  for  all  minutely  C-preservative  functions. 

It  will  be  shov?n  that  each  VJallman  injection,  , is  minutely 

A. 

C-preservativo  and  that  L^„  is  continuous.  Although  Proposition 

A 

A 

2.17  shows  that  for  any  minutely  C -preservative  function  f,  f is 

the  only  function  which  commutes  with  the  Wall man  injections  which 

can  be  continuous,  it  has  been  impossible  to  date  to  determine 
/< 

whether  f is  necessarily  continuous.  It  has  also  been  impossible 
to  determine  whether  tho  composition  of  minutely  C-preservative 
functions  is  minutely  C-preservativo.  Proposition  2,12  would  seem 
to  indicate  that  minutely  Opreservative  i3  the  weakest  possible 
condition  for  the  existences  of  a unique  function  which  commutes 
with  the  Wallman  injections.  It  is  also  possible  to  define 

A 

intuitively  minimal  conditions  to  require  that  f bo  continuous 

(namely,  for  each  ultrafilter  u in  X ^ there  i3  a unique  ultra- 

filter  vu  in  such  that  for  any  open  set  U In  Y which  contains 

an  element  of  vu,  there  in  an  open  set  V in  X containing  tm  element 

of  u which  has  the  property  that  for  any  ultrafilter  w in  dC.  which 

does  not  contain  X , there  is  soma  element  A <s  w such  that 

f^A"]  c.  0),  Similarly,  one  can  define  intuitively  minimal  conditions 

for  the  composition  of  any  two  functions  to  be  minutely  C-preservative 

(namely,  for  any  filter  3^  in  dt  such  that  C(A)  is  a singleton, 

a A <y 

0 C(ffA~|)  is  a singleton).  The  following  is  an  attempt  to 
A t y u J 

incorporate  both  of  the  above  conditions  into  one  definition  to 
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yield  a class  of  functions  which  is  closed  under  composition  and 
which  has  continuous  functions  as  images  under  " /V*. 

Definition  2,19 

A minutely  C»preservativo  function  f:X *Y  will  be  called 

properly  closed  provided  that  given  any  u e and  any  open 

/v 

V in  Y containing  an  element  of  f(u)  there  exists  an  open  set  Uy 
in  X containing  an  element  of  u,  such  that,  for  any  A 6 <£„, 

A 

A ^ Uy  =>  f[A]  O V, 

Propos 1 t ion  2 . 20 

If  fsX » Y and  giY «-Z  aro  properly  closed,  then  gof  is 

properly  closed. 

Proofs  Given  any  u e >/"(*£  ^)  and  any  open  V in  Z containing 
an  element  of  go£(u),  there  is  some  open  Uy  in  Y containing  an 
element  of  f(u)  such  that  for  any  A e A o Uy  =>  g[A~]  ^rr  V. 

Since  f is  properly  closed,  there  is  some  open  Wy^  in  X containing  an 
element  of  u such  that  for  any  3 e-  c£„,  B ^ Wy  =*•  f[3]|  s yy'=>  g°f[B 

<(£?]]  £ *• 

Corollary  ?021 

The  class  of  topological  spaces  together  with  properly 
closed  functions  is  a category. 

Proposition  2.22 

/N 

If  fsX Y is  properly  closed,  then  f is  properly  closed. 

A 

Proof*  Let  U be  an  open  subset  of  AT(c£  and  lot  f(u) 
be  an  element  of  U.  Since  the  collection  |C(M)*M  € <£  "]  is  a base 
fox’  the  closed  sets  in  'W~(o£^)3  there  is  some  element  6.  Xy  such 
that  f(u)  £ V"(«£y)  --  c(Mq)  c.  U,  By  Proposition  0.16,  there  is 
some  element  e f(u)  such  that  Mj_  H « 0,  Since  f is  properly 
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closed,  there  is  some  open  set  V in  X which  contains  an  ol eraent  of 
u such  that  for  any  closed  set  A £ V,  f^A]  e:  Y Mq.  Hence,  for 
any  v £ >^XV)  -^C(X  ~V)  there  is  some  element  A 6 v such  that 
A vn  (X  -V)  » 0 (0.16)  and  f[Av]  € f(v)  (2,12);  so 
f(v)  «■  C(f[A^])  (0.24)  and  C(f"[Av])  0 C(M0)  » 0 (0,26  and  0.27), 
Consequently,  f(v)  £ WXJ£,y)~  C(Mq)  c U,  Thus,  f is  continuous. 


A A 

Since  f is  a continuous  function  between  compact  spaces,  f is 
minutely  C -preservative  (2,8  and  2,14),  Finally  wo  must  show 

that  given  u £ 'w\<&  r ) (u  must  be  of  the  form 

K 

{A  e X suX  a]  f oi*  soma  u 1 e.  }</"(£.,))  and  any  open  set  V in 

X'  £ 

"w^Xy)  containing  an  element  of  f(u)  (which,  of  course,  is 

e V(XY)jf(u/)  £ A3  so  V *s  open  set  containing  f(u  )), 
there  is  soma  open  set  Uy  in  ^X^)  containing  en  element  of  u 
(and,  hence,  u0  sveh  that  for  any  closed  subset  3 of  Uy, 


— Va  Since  V i.3  an  open  subsot  of  )X(X^) , M/(X-y)^  V is 
closed;  so  )X(Xy)  V « cj(T^  C(M^)  for  soma  collection 
A € Q.J  c Xy.  Hence,  there  is  soma  Mq  £ X such  that 
f(u')  £ ^(Xy)  ^ C(Mq)  c V.  Then  since  Mq  f(u')»  there  is  soma 

A 

Mj  e f(u')  such  that  = Y ^ Mq»  so  Y ~ Mq  is  an  open  subset  of  Y 


containing  an  element  of  f(u')o  Since  f is  properly  closed,  there 
is  soma  open  set  H in  X containing  an  element  A of  u'  such  that 
for  any  closed  subset  3 contained  in  W,  f^lT]  f3  V ''-Mq,  Than 
yf(c£  ) ~ C(X  ~ W)  is  an  open  subset  of  V(X  ),  u ' £ C(A)  and 

A A 

A h (X  ^ W)  » 0 implies  u'e  C(A)  ^ MXx)  - C(X  — W);  so  C(A)  is 
an  element  of  u contained  in  /X(Xy)  ~ C(X  ^H),  If  D is  any 
closed  subset  of  U/t<£.,)  contained  in  >X(  X ) ~ c(X  W),  then 

cticn  ^ M ^ i 


X e.^j  o Xx  ; so  sinca 


D 


n 


C(il^)  for  some  eolle 
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^C(X  VI)  j U fc(Hp)i  p <i.(p  j is  a collection  of  closed  subsets  of  a 
compact  space  with  empty  intersection,  there  is  some  finite  subset 

Q of  P3  such  that  C(X  -VJ).  Then 

1 i-ie  q P “ 

f[D]  o f[  D coo]  o t[c(  O-y],  if  v e c(  n m*), 

L 1 Veo  p <s&§  ^ 

f^A  £ v;  so  by  Proposition  2,12,  f[  d-!^]  £ f(v).  Hence, 

f[c(  ^ But  since  ^f)9M'3  is  ci°sed  ia  x 

and  contained  in  0,  f(  QaVI  £ V ~ M„;  so 

C<*rPTVV]>  S >VTC=£y>  ~ C(M0)  £ Thus,  £[B]  £ V;  so  f is 

properly  closed. 

Proposition  2,23 

If  X is  a T,  space,  then  %e.  is  properly  closed  end 
A X 

is  a hotneomorphism. 


A 


r 


Xx 


Proof:  By  Proposition  0,36,  is  continuous.  If  u is 

any  ultrafilter  in  Z„,  let  v denote  the  ultrafilter  in  <£x  rf  ^ x 

A U N i,  X ) 

generated  by  (uj , Clearly,  if  an  open  set  U contains  an  element 

of  v , it  will  contain  £uj»  yP(£.^)  ~ U is  closed  in  VXA^)? 

so  it  is  tha  intersection  of  sets  of  the  form  C(M)  with  M e -C  , 

X 

Hence,  Chare  is  soma  M e X such  that  u c X ) ~ C(M)  cl  IJ, 

A X 

Then  X ~ M is  an  open  set*  in  X and  there  is  scree  decent  of  u 

contained  in  X ^ M (since  otherwise  M £ u (0,16)  and,  consequently, 

u £ C(M))„  If  A is  a closed  set  in  X contained  in  X ~-M,  then 

JTJa]  bj  C(A)  (0,35);  but  sines  A H M « 0,  C(A)  D C(M)  «>  0 

<0,26  and  0,27),  Hence,  'TPTJaJ  » C(A)  5 W{£  ) — C(M)  c.  U, 

Thus,  is  minutely  C-preservative,  y is  also  properly 

X 

closed  since  we  have  taken  an  arbitrary  open  set  U containing  an 

A 

element  of  v (*»  tj»  (u)  (2,11)),  found  an  open  set  V in  X containing 

u X 
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an  element  of  u,  and  shown  that  for  any  closed  subset  A of  X 
contained  in  V the  closure  of  is  contained  in  U. 


Obviously 


ip  is  a continuous  function  for  which  the 

V(^x) 


following  diagram  commutes. 


X 


X, 


V(£x) 


£ 


* *>x(£x) 

% 


lX(£x) 


From  Proposition  2,17, 
this  property.  Hence, 


is  the  only  function  which  can  have 
ti  , which  is  a horaeomorphisra 

/*/"  x .X  x ) 


by  Corollary  0.37. 

Proposition  2.24 

If  f:X «*Y  is  contiruaous  and  Y is  normal , then  f is  properly 


closed. 


Proof : Let  u bo  an  ultrafilter  in  X-x,  and  let  vy  denote  an 

arbitrary  ultrafilter  in  £„  containing  Fjt(u).  If  M is  any  element 

of  £v  ~ v , then  by  Proposition  0o16  there  is  some  element  A £ v 

i u u 

such  that  Mfl  A«  0.  Since  Y is  normal,  there  exist  disjoint  open 

sets  U and  V in  Y such  that  A « U and  M 5-  V.  Then 

X » » f**1[(Y  ~ U)  U (Y  ~ V)]  a f-l[Y  ~ Uj  U f-1[Y  ~ V]; 

so  f”*[Y  ~ U]  arsd  f“'  [Y  ~ V]  are  elements  of  X^,  By  Proposition  0.17, 

f"*[Y  ^ U]  e u or  f*[Y  ~ V]  £ u.  'If  f”l[Y  ~ u]  e u,  then 

f[f-l[Y  - u]]  £.  Y - U implies  Y ^ U £ F^(u)  5 vu<>  But 

A 0 [Y  ~ u]  « 0 implies  that  Y U j v^,  Consequently, 

f“J[Y^  V]  £ u.  Then,  for  any  0 e u,  f[3  n f“1[Y^V]]  £ Y-V  cY-Mj 
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80  f[B  n f-1[Y  - v]]  cY-VcY-H  and  f[B  O fl[Y  — V]]  £ v(j. 

Hence,  f is  minutely  C«pr©servatlve,  Since  M and  Y ^ V are  disjoint 
closed  subsets  of  Y,  thci*e  exist  disjoint  open  sets  and  V/ 2 of  Y 
such  that  M £ VJj  and  Y V o W , Then  f"1[W2]  is  mi  open  subset 
of  X which  contains  foJ[Y  ~ V],  an  element  of  u»  If  D is  any 
cloned  subset  of  X contained  in  then 

f[D]  - w2  - Y ~ V,1  £.  Y ~ H;  so  7[D]  fY-Wj  = Y-  M.  Hence,  f 
is  properly  closed. 

Corollary  2,25 

The  category  of  normal  spaces  and  continuous  functions 

is  a full  subcategory  of  9 
Theorem  2,26 

The  Wall  man  cospaetif  iceitien  (on  the  full  lattice  of  all 
closed  sots)  induces  a functor  'vT' from  the  category  of 

spaces  and  properly  closed  functions  to  tho  category  4 7° ■ of 
compact  Tj  spaces  and  properly  closed  functions  such  that  the 
inclusion  functor  of  ^7°^  into  7°^  is  a right  adjoint  for 
yf.  Thus  the  category  f 7%^  is  reflective  in  Furthermore, 

on  the  category  of  T,  spaces,  >/is  precisely  the  Stono^Cech  functor  A 

Proof*  That  >Y(f)  » f defines  a functor  from  7 ^ ^ to 
is  immediate  from  Propositions  2,15,  2,20,  and  2,22,  That  13  a 
loft  adjoint  to  the  inclusion  functor  follows  from  Corollary  0,37, 
Proposition  2,17,  end  Proposition  2,23,  y7~ and  agree  on 

y 

spaces  because  the  Stone-Ceeh  injection  esX >/$ (X)  is  properly 

closed,  by  Proposition  2,24,  So  e is  0 continuous  function  from 
y7 [Xx)  to  W(X  0%)»  is  homeomorphic  with  $'L,  by 

Corollary  0,37,  }V\£.S)  is  Hausdorff  by  Proposition  0,30;  so  there 
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is  a unique  function  b)  from  $X  to  y/XXjr)  such  that  f]oo  « 4^  , 

Hence,  since  both  <$X,a>  and  < )\T(Xv),  l(^x>  are  bidistinS«ishable 
extensions  of  X,  e and  rj  are  homeomorphisms  (1.19). 


* 


CHAPTER  3 


DIRECT  LIMITS 

In  contrast  to  the  collection  of  ultrafilters  in  the  lattice, 
of  closed  sets  of  a spaco  X,  Strauss  []6]  has  used  a corresponding 
structure  of  ultrafilters  in  the  lattice  JH^  of  open  sets  to  study 
tho  structure  of,  and  relationships  among,  spaces*  Fros.i  the 
collection  of  all  ultrafiltors  in  which  with  appropriate 

topology  is  compact,  Hausdorff,  and  cxtremally  disconnected  (i.e,, 
the  closure  of  each  open  set  is  open),  she  selects  a dense  subspaco 

E(X)  and  defines  a function  rsE(X) >X.  This  function  is 

continuous,  closed,  onto,  and  compact  (the  inverse  image  of  each 
point  is  compact  in  E(X)).  Furthermore,  Strauss  has  shown  that 

rsE(X) *■  X is  a "projective  resolution**  in  tho  category  of  T^ 

spaces  and  perfect  (i,o,,  continuous,  closed,  and  compact)  maps* 

More  precisely,  tho  restriction  of  r to  no  proper  closed  subset 
of  E(X)  is  surjective  and  if  f jY— — -*-X  is  any  perfect  eplmorphlsm 

in  the  category,  then  there  is  a perfect  nap  f'sECX)- *-Y  such 

that  r a fof',  r is  ordinarily  many- to -one,  so  E(X)  is  not  an 
extension  of  X by  any  moans,  but  if  the  structure  is  enlarged 
somewhat,  wo  can  achieve  an  extension  with  several  very  useful 
properties.  It  will,  for  instance,  be  a C-distinguishable  extension. 
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which  contains  ns  a subspaco  a horaeoraorphic  imago  of  every  C- 
distinguishable  extension  of  X,  It  also  serves  as  a "range**  for 
maps  in  establishing  the  preservation  of  the  Hausdorff  separation 
property  under  direct  limits* 

Definition  3*1 

For  a topological  space  (X,  3^) , define  <^(X)  to  bo  the 
collection  of  al 1 filters  in  and  for  each  U £ define 

U5'  « [3  £ &(X)i u e 3?. 

Proposition  302 

£u"':U  e.  3"^.  j is  a base  for  a topology  on  ^(X). 

Proof:  For  any  3-  £ <3{X),  X 6 ^ and  X £ J so  3^£  X“ . 

If  Jr’e  V??,  then  U C y and  !/  £ ? ; so  U H V £ ? which  mean3 

y e (U  O V) ' . But,  conversely,  if  3 £ (U  O V)  then  (U  H V)  £■  3? 

and  (D(IV)sU  and  (U  H V)  e V;  so  U 6 & and  V £ y . Hence, 

$ £ U*  0 V#. 

Henceforth,  <5(X)  will  be  assumed  to  have  this  topology. ~] 

Definition  3.3 

For  any  extension  <Y ,(f>  of  X and  any  y £ Y,  let  g ^ (y)  » 

£ 31^.  rlm  ~ u f°r  some  open  V in  Y containing  y }» 

Proposition  3.4 

For  any  extension  <Y,  *f>  of  X,  33  defined  above  is  a 
continuous  function  from  Y to  <^(X)» 

Proof t For  any  point  y £ Y,  g^>(y)  13  a filter  in 

since: 

g Lp(y)  is  defined  to  bo  a subset  of  3^  and,  since  Y is 

an  open  subset  of  Y containing  y and  X ^ X « Lf”  l.Yl» 


g tp  (y>  i3  nonempty 
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(i)  If  0 £ gij>(y),  then  there  is  some  open  set  U in  Y 

containing  y such  that  a 0.  But  this  would  mean  that 

'f  [X"|  is  not  dense  in  Y;  hence,  <Y,(f>  is  not  an  extension, 

(ii)  If  A and  B ara  elements  of  g^Cy"),  then  there  are 

open  seta  U and  V in  Y containing  y such  that  '-f  ’'fu-]  o A and 
^[V]  £=  B,  Then  U 0 V is  an  open  subset  of  Y containing  y»  and 
^ol[U  Cl  V]  « ^”1[U]  n *1[V]  c A f]  B;  so  A Q B £ (y). 

(iii)  If  A £ gi^(y)  and  if  B is  an  element  of  containing 

A,  then  there  is  soma  open  U in  Y containing  y such  that 
Lp-l[u]oA  c3,  Thus,  Be  glf(y),  Hcnco,  g^(y)  £ ^(X)  for 
each  y e Y,  If  U is  an  open  subset  of  O'(K)  containing  g^ty), 
then,  since  £v^:V  £ is  a baso  for  the  topology  on  <5"(X), 

there  is  some  V e.  such  that  g^>(y)  £ <=  U,  Since  g^p(y)  V', 

V £ g ij)(y) i which  implies  there  is  soma  open  set  W in  Y containing  y 
such  that  ^[W]  — V*  Thus  for  any  we  W,  Lf  '^[W*]  e gi^(w);  so 

g ip(w)  £ V#.  Hence,  y £ Vf  o.  g“*[V^]  £ g^[u] , so  g ^ is 
continuous. 

Preposition  3,5 

If  <Y, *f>  is  a distinguishable  extension  of  X,  then  g ^ 
is  one-to-one. 

Proof;  Given  taro  points  y and  s of  Y,  there  is  some  open  U 
containing  one  (say,  y)  such  that  Lf  °’£u]  $'»  lf> ' ' '■  j V]  for  any  open  V 
containing  the  other.  Then  g^>(y)  £ (7 

gy  (z)  £ (H’  there  is  some  open  Vi  in  Y containing  z such 

that  Z But  then  a £ VI  U 0 and  ^ "1[VI  U U]  • L?~l[U], 

which  contradicts  the  choice  of  U,  Therefore,  g^  (a)  fl 


so  that  g^(z)  4>  gtp(y). 
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This,  then,  naans  that  a distinguishable  extension  of  X 
is  essentially  a subset  of  the  set  <3-(X)  with  cone  topology?  so 
the  collection  of  distinguishable  extensions  of  X is  a subset  of 

y°(&oo)x^v ^<^<x))). 

Thus,  we  have  shown: 

Corollary  3,6 

The  class  of  distinguishable  extensions  of  a space,  X,  is 

a sot* 

Proposition  3*7 

If  <Y ,Lf>  is  a C«d i st ingu i shabl e extension  of  X,  then 
is  relatively  open* 

Proof : If  U is  an  open  subset  of  Y and  if  y £ V,  then  there 

is  some  open  V in  Y such  that  y £ V and  LP”'l[[v']  for  anY 

open  subset  1/  of  Y for  which  W 0 (Y  ~ U)  ^ 0*  Then  gip(y)  e 
If  for  any  zt(Y-U),  (a)  £ (*f  ^[V])*,  then  there  is  some 

open  W £ Y such  that  a € W and  Lf“1[W]  c.  but  this  would 

naan  a e (W  U V)  and  U V]  « which  contradicts  tho 

choice  of  V.  Hence,  g^(y)  € ((-f""A[vj)  f)  gtp[Y] 

The  above  proposition  shows  that  the  C~d isfc ingu i shabl a 
extensions  of  X can  bo  thought  of  as  subspaces  of  <3(X)»  The 
converse,  that  every  subspace  of  d?(X)  (containing  the  image  of  X) 
is  a (^distinguishable  extension  of  X,  follows  from  tho  next 
proposition  and  Proposition  1*120 
Proposition  3*8 

If  X is  a Tq  space  and  1 is  the  identity  function  on  X,  then 
<^(X),gj>  is  a (^distinguishable  extension  of  X* 
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Proof?  For  any  two  points  in  X,  there  is  an  open  set 
containing  one  and  not  the  other.  Also,  for  sny  two  open  subsets 
TJ  and  V of  X,  i**1[U]  « i-1[V]  if  and  only  if  U » V.  Thus,  <X,  i> 
is  a C-distinguishablo  extension  of  X and,  by  Propositions  3. A, 

3.5,  and  3.7,  g.  is  an  embedding.  If  U is  any  nonempty  open  subset 
of  <900,  then  there  is  some  nonempty  V#  £ U,  Then  V is  nonempty 
sinco  & e V'‘  implies  V £ 3^,  end  0 4-  $ for  every  2r  e.  <^(X). 

Then  there  is  some  x & V » ir‘?[v];  so  gj(x)  £ V",  Hence, 
g.[X]  is  dense  in  <9(X);  so  <^(X),gi>  is  an  extension  of  X, 

Let  3^  and  be  distinct  filters  in  Sines  they  aro 

distinct,  there  is  some  element  V e.  which  is  an  element  of 

one  (say,  3-j)  and  not  the  other.  Then  3^  £ and  ** 

If  there  is  some  open  set  W in  ^(X)  containing  3%,  such  that 
g^[W]  a V,  then  there  is  some  basic  open  set  IF  in  3(X)  such 
that  S*2  e e w*  Then  U « g*1^]  S gjl[W]  » V.  But  since  3%, 
is  a filter  end  U & 33  , it  follows  that  V e 3^,  which  contradicts 
the  choice  of  V,  Henee,  no  such  W exists,  so  that  <<3r(X),g|> 
is  distinguishable.  If  an  element  3^  of  ^(X)  is  contained  in  an 
open  set  V?  in  £9(X),  then  there  is  soma  basic  open  set  IP*  such 
that  cfc*  e-  Uv  c W,  For  any  if  there  is  cn  open  set 

R containing  3^'  such  that  g^[_'R*]  ■»  gj"(]H‘]  **  U,  then  there  is 
some  basic  open  set  such  that  3-  ' e S’^  ^ R.  Then 
S gfts*]  c g^[l)^]  « u.  3-‘  an  element  of  implies  by 
definition  that  S e so,  since  is  a filter,  U d 
Hence,  ^ e lr  if  and  only  if  there  is  some  open  set  V in  <5(X) 
containing  3r‘  such  that  g.*[[v]]  " Therefore,  if  T is  open  in 
<?(X)  and  T n <(9{X)  ~W)  <;*  0,  then  g“X[T]  ,4  g“*[U#]j  so  <£>(X),gi> 
is  Odistinguishable, 
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Proposition  3,9 

If  <Y,  tf>  and  <Z,f  > are  extensions  of  X and  if  f is  an 
embedding  of  Y to  Z such  that  '"P « fo'f,  then  « g-^of. 

Proofs  For  any  y £ Y and  U 6 U £ g^Cy)  implies  that 

there  is  soma  open  V in  Y containing  y such  that  if  ^ U, 

Since  y e V,  f(y)  £ f[V]  « f[Y]  Ow  for  some  open  set  W in  Z. 

Now  ^-1[W]  o (go  fr^U]  » 4>“i[f“l[w]]  m lf-1[V]  C U;  hence 
U e gy,o£(y)o  Conversely,  If  U c g^of(y),  then  there  is  some 
* open  VI  in  Z containing  f(y)  such  that  ez  U«  Then 

ye  rl[H]  open  in  Y and  if -l£f*l£w[]^  n (foip  «a  c_  U, 

which  implies  that  U£  g^>(y)»  Consequently,  for  each  ye  Y, 
g Lj>(y)  *»  g ^of(y). 

Dugundji  [2~|  gives  on  example  which  shows  that  even  with  the 
nicest  of  spaces,  if,  in  a direct  system,  the  bonding  maps  are  not 
one-to-one,  the  direct  limit  may  be  indiscrete,  Herrlich  [3] 
has  shown  that,  under  the  conditions  that  each  bonding  map  is  an 
embedding  and  that  the  image  of  each  space  is  closed  in  the  direct 
limit,  although  the  direct  limit  of  Tj  spaces  is  ’ T ^ and  the  direct 
limit  of  an  increasing  sequence  of  T^  spaces  is  T^,  the  direct 
limit  of  completely  regular  Hausdorff  spaces  need  not  bo  Hausdorff, 

We  now  use  the  properties  of  C?(X)  to  establish  conditions  sufficient 
for  the  direct  limit  of  Hausdorff  spaces  to  bo  Hausdorff, 

Theorem  3,10 

Let  {x^  ,f^,  be  a direct  system  of  Hausdorff  spaces 

4 

in  which  each  bonding  map  f , is  an  embedding.  If  there  is  a 
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space  X and  a collection  pv,_:X I X e of  dense  embeddings 

such  that  f^oh^  *>  for  each  0 > 4 in  A , then  lim  X ^ is 
Hausdorff  * 

Proof t By  Definition  0.3,  for  each  A-£A  <X_x,hA>  is  an 

extension  of  X;  so  from  Propositions  3,4  and  3.9,  for  each  a 6 A, 

gp  is  a continuous  function  from  X^  to  £?(X)  and,  if  3 < ^5, 

A 

% " vf«  • Hence,  by  the  definition  of  direct  limit,  there 


is  a unique  continuous  function  g: lim  X 


-^(X)  such  that  for 


each  r e A?  gj, ^ « go (where  ir  is  the  canonical  map  of  Xr 

to  1 in  X ) . Given  any  two  points  a and  b of  l im  X^ , there  is  sorna 

r e A and  two  points  x and  y of  X such  that  i (x)  *•  a and 

r x* 

ir(y)  **  b.  Since  Xr  is  Hausdorff,  there  are  disjoint  open  sets 
U and  V in  Xf  containing  x and  y,  respectively.  Then  h"*£u']  e g.^  (x) 
and  h^"[v]  a gh^(y);  so  £h^(x)  £ (h"1^])'^  and  gh^(y)  € (h“J[V])#. 
(h‘X[u])#  and  (h^jVj)*  are  disjoint  open  sets  since  they  are  basic 
open  sets,  and  3^ e (h“1[U]):?D  (h“X[V])'?  implies  that  h~"[U]  £ 3=* 
and  hr  [ V]  € 3- 1 This  means  that  h“'fu]  D h^'[]V]  « h^'[U  (~]  V~]  a 
h“1[0]  » 0 d 3'^-ii  contradiction.  Hence,  a £ g°*[(h”X[lf))^~|  and 
b & g”  [ (hr  [V-])  ' |,  which  must  be  disjoint  open  sets  in  lim  X-,. 

The  following  example  due  to  Herrlich  £3^j  shows  that  the 
condition  in  the  theorem  that  X be  densely  embedded  in  each  X^ 
cannot  bo  deleted. 


Example  3,11 

Let  (CnJ  be  a sequence  of  pairwise  disjoint,  completely 
regular,  nonnormal  spaces,  and  let  (An,D:a)  he  a pair  of  disjoint 
closed  subsets  of  C t which  cannot  be  separated  by  open  seta  in  C , 

OO 

Add  to  Ucn  two  points  a and  b and  tcpologize  the  resulting  space  X 
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In  Che  following  manners 


U open 


U 0 C open  for  all  n, 

a £ U =>  A_a  c.  U for  ail  but  finitely 
many  n 


b £ U > Bn  s U for  all  but  finitely 


many  n 

Then  X obviously  is  not  T^,  but  it  is  tha  direct  limit  of  the  Tg^ 

co  co  a 

subspaces,  X_  « fa,b]  U ,Ua.  U LVB  U LJCk, 
n i J i«l  1 j„i  j k»l  K 

Tha  next  (modified)  example  from  Dugundji  £2,  p,  422]  shows 

that  if  the  bonding  maps  are  not  one-to-one,  even  tha  best  of  spaces 

have  bad  direct  limits. 

Example  3,12 

For  each  nonnegative  integer  n,  let  bo  the  unit  circle  S1 


in  the  complex  plane.  Let  f^  « z* 


n*»m 


„n 


Since  for  each  n,  fQ  is  an 


ep l morph ism,  the  injection  Uq  of  Xq  into  1 lm  Xn  is  an  cp l morph ism. 

, , m \ 


\a  / vff-ij.  ) 

Given  any  point  a in  X^,  it  is  clear  that  <•*  £ e 2a  ssn  and  n 


l < - -rr*  A ) 


are  positive  integers]  is  dense  in  Xq  and  contains  e*  \ If 
ei(«Xr]A4)  and  aJ.Q  any  two  elements  of  this  set,  then 

f q!  ^(e  2 1 ) m e 1 « e «=» 

*‘-2(a'  V2u2-'  ^),  Hence,  Uq  identifies  all  points  of  A^, 

Then  given  any  nonempty  open  sot  U in  X , since  ’-Iq  '^U]  is  a 

nonempty  open  set  in  Xq,  Uq  £u]  0 A^  & 0,  so  Uq(o  ) e ;i,  Therefore, 

because  this  Is  true  of  any  e?d  and  every  nonempty  open  set  in 

1 In  X^„  the  only  nonempty  open  set  in  linj.  Xn  is  tha  whole  space. 

Thus , HnX  is  indiscrete.  Also  if  irM  is  not  rational,  then  for 
— - n 

each  m > 0,  f™(e^)  « o*2  * v o1  ° « f™<l)j  so  that  yjfl  contains 


iiioro  than  one  point 
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The  next  example  shows  that  in  Theorem  3,10  the  condition 
that  the  bonding  maps  be  relatively  open  cannot  bo  deleted. 

Exalte  3,13 

Select  cn  increasing  sequence  [rn]  of  points  in  tho  closed 
unit  interval  [0*1]  which  converges  to  1,  Let  X « ([0, l]  — [rn])  U 
For  each  integer,  n,  let  Xn  bo  the  space  whose  set  is  X but  whose 
topology  is  generated  by  the  relative  topology  on  [0,l]  — 
and  by  sets  of  tho  form  ( [A]  U A)  H X %?here  A is  an  open  subset  of 
[0,1]  containing  [r1,r2, , »i'n] , Clearly,  for  each  n > m,  the  identity 
function  cn  X is  a continuous  function  if,  from  X to  X and 
fxn,i”,N]  is  a direct  system  of  Hausdorff  spaces.  For  each  n £.  H, 
let  ift  denote  the  canonical  map  from  X to  lin^  X . Sinco  each  i^ 
is  one-to-one,  each  i i3  one-to-one.  If  U and  V are  open  subsets 
of  1 im  Xn  containing  1 and  A,  respectively,  then  it  is  clear  that 
U O ([0,1]-  (tjp  contains  a set  of  the  form  <a,'l]  D ([0,l]  — [r^) 
for  some  a < 1,  Hence,  there  is  some  k such  that  r{{  > a,  Sinco 
i i"1  [v]  is  open  in  Xk,  (a,l]  H i”l[V]  is  nonempty,  so  U (1  V is 
nonempty}  hence,  1 ini  Xn  is  not  Hausdorff. 

Next,  we  give  an  exanplo  to  show  that  certain  mors  stringent; 
separation  properties  are  not  preserved  under  the  conditions  of 
Theorem  3.10, 

Example 3,14 

Select  an  increasing  sequence  of  points  [rn]  from  the  open 
interval  (0,1)  which  converges  to  1.  Let  X be  [-1,1]  — r^j. 

(IoO,,  the  closed  interval  with  two  sequences  deleted,  ono 
increasing  to  1 and  tho  other  decreasing  to  -1»)  For  each  n &.  N, 
let  Xn  bo  X u p1,o<2,,,^n]  with  topology  generated  by  tho 
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relative  topology  on  X and  by  set3  of  the  form  U (V  OX) 

where  V is  an  open  subset  of  [0,1 ] which  contains  both  r.  and 

«*r . , Hence,  X will  be  raetrizable  and  look  something  like 

x n 


^ \ 
/ 1 
X. 


XT 


-1 


O 


Together  with  the  inclusion  functions  serving  as  bonding  maps, 

fx  :n  £ N ? forms  a direct  system.  Furthermore,  each  inclusion 
L n J 

function  is  open,  and  X is  a dense  subset  of  X.^  for  each  n»  Honco, 
by  Theorem  3o10,  lira  X„  is  Hausdorff,  Denote  by  i the  canonical 
map  of  X^  to  Ujn  X^a  If  U is  an  open  set  in  11m  containing 
i ,(1),  then  is  an  open  subset  of  X containing  1;  so  from 

the  definition  of  the  topology  on  Xri,  there  is  some  interval 
(a,l]  in  such  that  X f?  ((a,l]>  ^ il;1'[U]9  Since  {rn"^ 

converges  to  1,  there  is  some  k e.  N such  that  for  n > k,  rn  e ( a , 1 ~]  a 
Then  for  any  open  subset  V in  X{<  containing  * V 0 £ 0. 

yj.  i i(c*'  •)  is  closed  in  lim  X since  for  any  i?  j U i*(d.  .)! 
j«l  J J ' n ujtt,i  J J J 

is  a finite  (honco  closed)  subset  of  X^ . Therefore,  lim  Xn  is  not 

n 

T 3,  since  in(l)  and  Ui.(A|)  cannot  be  separated  by  open  sets. 

jral  J } 

Much  stronger  conditions  are  required  to  preserve  the  regular 


Hausdorff  property 
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Theorem  3,15 

If  pCx,f^,  A]  is  a direct  system  of  spaces  such  thati 

(i)  HraXx  is  Tj 

(ii)  Each  bonding  map  is  one-to-one  and  open,  and 

(Hi)  For  each  x e X-^,  there  is  some  open  set  U in  Xx 

containing  x such  that  if  A is  a closed  subset  of  Xx  contained  in  U, 
then  [A]  is  closed  in  X^  for  every  ^ > AS 
then  11m  Xx  is  T.^, 

Proof;  Let  a ba  an  element  of  11m  X-^  and  let  B be  a closed 
subset  of  lltn  X?  which  does  not  contain  a„  Then  there  is  some 
x € Xx  such  that  a i3  the  image  of  x under  the  map  i^.  Since  I-*, 
i3  continuous,  i^CBl  a c*oscd  subset  of  Xx  which  does  not 
contain  x»  Let  U ba  an  open^neighborhood  of  x as  described  in 
condition  (Hi)  of  the  theorem.  Since  (X  U)  U is  a 

closed  subset  of  which  does  not  contain  x,  and  since  Xx 
is  a space,  there  is  an  open  subset  V of  Xx  such  that 
x e VcV  cX-((X-0)U  i^[B]).  Then,  since  V = V o U, 
for  any  > a,  f x [V]  cl.  f ^ j V^*  «*  Since  each  :r^  is  one- 

to-one,  each  ir  is  ona-to-one,  and  so,  because  each  f^  is  open, 

V1[lx[vl]  Cvl]  is  °Pea  iu  X^  (/3^cA>x).  Hence, 

i [7]  is  open  in  lia  Xx  , Since  for  each  A > jx, 
f*[i  X[V]]  »(fp)1[f^  [V]]  is  closed  in  X(d(/3  <<^>a),  it  follows 
that  j-V~]  Is  closed  in  1 in  'Ay  , Then  I-^(x)  a e iA  £v]  ^ 
i^[V]  S Ua  B. 
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